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AN ANALOGUE OF THE FIELD-OF-NORMS 
FUNCTOR AND THE GROTHENDIECK CONJECTURE 


Victor Abrashkin 


Abstract. The paper contains a construction of an analogue of the Fontaine-Wintenberger 
field-of-norms functor for higher dimensional local fields. This construction is done 
completely in terms of the ramification theory of such fields. It is applied to deduce 
the mixed characteristic case of a local analogue of the Grothendieck Conjecture for 
these fields from its characteristic p case, which was proved earlier by the author. 


0. Introduction. 

The field-of-norms functor [FW1,2] allows to identify the Galois groups of some 
infinite extensions of Qp with those of complete discrete valuation fields of char¬ 
acteristic p. This functor is an essential component of Fontaine’s theory of ip-V- 
modules — one of most powerful tools in the modern study of p-adic representations 
cf. e.g.[Ber]. Other areas of very impressive applications are the Galois cohomol¬ 
ogy of local fields [He], arithmetic aspects of dynamical systems [LMS], explicit 
reciprocity formulae [Ab2,3], [Ben], a description of the structure of ramification 
filtration [Ab7], the proof of an analogue of the Grothendieck Gonjecture for 1- 
dimensional local fields [Ab4]. 

A local analogue of the Grothendieck Gonjecture establishes an opportunity to 
recover the structure of a local field from the structure of its absolute Galois group 
together with its filtration by ramification subgroups. The study of this conjec¬ 
ture in the context of higher dimensional local fields became actual due to a recent 
development of ramification theory for such fields [Zh2], [Ab5]. The characteristic 
p case of the Gonjecture has been already considered in [Ab6]. (Notice that the 
restriction to 2-dimensional fields is not essential in [Ab6] — the method works for 
any dimension N ^ 2.) This result could lead to the proof of the mixed character¬ 
istic case of that conjecture if there were a suitable analogue of the field-of-norms 
functor for higher dimensional local fields. 

The construction of such a functor is suggested in the present paper. In our 
setting we replace the appropriate category of infinite extensions of Qp by the 
category B°'{N) of infinite increasing field towers Kq C Ai C ■ ■ ■ C Kn C ... 
with restrictions on the upper ramification numbers of the intermediate extensions 
Kn+i/Kn- In order to introduce the set of elements of the corresponding field- 
of-norms one can’t use in such towers the sequences of norm compatible elements 
but it is still possible to work with the sequences of elements G Ok^ such that 
ttn = modp^, where 0 < c ^ 1 is independent on n. 

The main difficulty in the realization of this idea comes from the fact that the 
construction of ramification theory for an V-dimensional local field L depends on 



the choice of its F-structure, i.e. on the choice of the subhelds L{i) of i-dimensional 
constants, where 1 ^ i ^ N. On the other hand, in order to work with elements 
of L one shonld nse one or another choice of its local parameters. This choice 
can be made compatible with a given F-strnctnre only after passing to some hnite 
“semistable” extension of L. This explains why we have a precise analogne of the 
Fontaine-Wintenberger fnnctor only for a snbcategory of “special” towers 
in Nevertheless, the constrnction of the fnnctor can be extended to the 

whole category B°‘{N) and can be applied to dednce the mixed characteristic case 
of the Grothendieck Conjectnre from the characteristic p case. 

We now briefly explain the content of the paper. 

Section 1 contains preliminaries: dehnitions and simplest properties of 
Wdimensional local helds L. We pay the special attention to the concept of P- 
topology — this is the topology on L, which accnmnlates properties of N valnation 
topologies which can be attached to L. Then the Witt-Artin-Schreier dnality and 
the Knmmer theory allow ns to transfer the P-topological strnctnre to the gronp 
r|)’(p), where Bl^p) is the Galois gronp of the maximal p-extension of L. This 
strnctnre gives an opportnnity to work with T l{p) in terms of generators, cf. [Ab6]. 

Section 2 contains a “co-analogne” of Epp’s elimination wild ramihcation. This 
statement deals with a snbheld of (A^—l)-dimensional constants in an Wdimensional 
local held. (Most widely known interpretation of Epp’s procednre deals with a snb¬ 
held of 1-dimensional constants.) Onr proof establishes an elimination procednre 
which is similar to the procednre developed in [ZhK], where it was shown that an 
essential part of snch elimination can be done inside a given deeply ramihed exten¬ 
sion in the sense of [GG]. This elimination procednre is reqnired to jnstify the main 
starting point in the constrnction of the ramihcation theory for higher dimensional 
local helds from [Ab5]. (The original argnments from [Ab5] were not complete, cf. 
remark in n.2.1.) 

Section 3 contains a brief introdnction into the ramihcation theory and contains 
a version of Krasner’s Lemma in the context of higher dimensional local helds. 
In Section 4 we introdnce and stndy the categories of special towers B^{N) and 
Bf'^(N). These towers play a role of strict arithmetic prohnite extensions from the 
Fontaine-Wintenberger constrnction of the held-of-norms fnnctor. 

In section 5 we explain the constrnction of a family of characteristic p local helds 
A(iF.), where K, G and prove that all snch helds can be identihed after 

(ronghly speaking) taking inseparable extensions of constant snbhelds of lower di¬ 
mension. These helds will play a role of the held-of-norms attached to a given tower 
AT. G B^°‘{N). In section 6 we apply Krasner’s Lemma from section 3 to establish all 
expected properties of the correspondence AT. i—> /C G X{K,)^ where AT. G B^°‘{N). 
In section 7 we nse these properties to dehne the analogne Ak , where K, G B^°‘{N)^ 
of the held-of-norms fnnctor. In addition, we nse the operation of radical closnre to 
extend this constrnction to the whole category B°'{N). In section 8 we prove that 
the identihcation of the Galois gronps F^ (where K is the p-adic closnre of the 
composite of all helds from the tower AT.) and F^: becomes P-continnons when be¬ 
ing restricted to their maximal abelian p-qnotients. The proof is based on a higher 
dimensional version of the relation between the Witt-Artin-Schreier theory for /C 
and the Knmmer theory for K from [Ab2]. This relation together with the proof of 
the compatibility of the proposed held-of-norms fnnctor with the class held theories 
for /C and AT, leads to another proof of the explicit reciprocity formnla from [Vo] 
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(cf. also [Ka]) — the details will appear later elsewhere. 

Finally, the P-continuity result from n.8 allows us to prove in section 9 the mixed 
characteristic case of the Grothendieck Conjecture. Notice that the construction 
of the higher dimensional version of the held-of-norms functor from this paper is 
especially adjusted to the proof of this conjecture and was motivated by Deligne’s 
paper [De]. It should be also mentioned that there are dehnite ideological links 
with methods of the paper [Fu], where the construction of Coleman power series 
was developed in the context of 2-dimensional local helds with further applications 
to the construction of p-adic L-functions. 

The author is very grateful to the MPI (Bonn) for hospitality, where a part of 
this paper was being written. 

1. Preliminaries. 

1.1. The concept of higher dimensional local field. 

Let K be an A^-dimensional local held, where N G In other words, if = 0 
then iF is a hnite held and for ^ 1, iF is a complete discreet valuation held with 
residue held iF^^^ which is an [N — 1)-dimensional local held. We use the notation 
jF^^l for the last residue held of K. 

Let be the valuation ring of K with respect to hrst valuation and let a : 

be a natural projection. Dehne the valuation ring Ok of iF by 
setting for N = 0, Ok = K and for A^ ^ 1, Ok = ci~^{0 kw)- Recall that a 
system ti,... ,tN G Ok is a system of local parameters in iF if ti is a uniformiser 
in and a(t 2 ), • • •, a(tw) is a system of local parameters in 

In terms of such system of local parameters any element ^ G iF can be uniquely 
presented as a power series of the following form 

a=(ai,...,ajv) 

Here all coefficients are either elements of iF^^^ if chariF = p > 0 or the 
Teichmuller representatives of those if char iF = 0. All indices G Z and there are 
integers (which depend on Ai, A 2 (ai), ... , A 7 v(ai,..., UAr-i) such that «„ = 0 
if either ai < Ai, or 02 < A 2 (ai), ... , or on < Ajv(ai,..., aN-i)- 

There is an important concept of P-topology on iF which brings into correlation 
all N valuation topologies related to iF. The P-topological structure provides ns 
with a reasonable treatment of morphisms of higher dimensional local helds. We 
discuss this structure briehy in n.1.2 below. Notice that if / : iF —L is a P- 
continuous morphism of higher dimensional local helds then E = f{K) is a closed 
subheld in L (i.e. is closed in with respect to hrst valuation and 

is closed in for any system ti,... An of local parameters in iF their images 

/(ti),...,/(tiv) are local parameters in E and their knowledge determines the 
morphism / uniquely. 

Our considerations will be limited with local helds iF such that chariF*^^) = 
p where p is a hxed prime number (such helds possess most interesting arith¬ 
metic structure). Under this assumption there is the following classihcation of 
A^-dimensional local helds: 

— if chariF = p, then iF = /c((tjv)) • • • ((C)) where k = is the last residue 

held of iF. Asa matter of fact, this result is equivalent to the existence of a system 
of local parameters ti,... An in K- 
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— if charX = 0, then K D Qp and we can introdnce a canonical snbfield 
K{1) of l-dimensional constants in K: this is the algebraic closnre of Qp in K. 
Snppose a nniformising element ti of K{1) can be inclnded in a system of local 
parameters ti, t 2 , • ■ ■, of K. Then K = iir(l){{t 7 v}} • • • {{^ 2 }} and snch K is 
called standard. Otherwise, there is a hnite extension E of K{1) snch that the 
composite KE is standard. 

The above resnlt abont the characteristic 0 helds is implied by the following 
version of Epp’s theorem [Epp], which holds for all (not necessarily characteristic 
0) higher dimensional local helds K: 

— suppose K is an N-dimensional field andK{l) is its subfield of 1-dimensional 
constants; then there is a finite extension E of K{1) such that the fields KE and 
E have a common uniformising element (with respect to the first valuation in K). 

1.2. The concept of P-topology. 

Let K be an A^-dimensional local held. Its P-topology can be described explicitly 
by indnction on N in terms of any chosen system ti,... ,t]\r of local parameters of 
K by constrncting a basis of open 0-neighborhoods Ub{K), cf. [Zhl]. We shall 
consider the following three cases: 

a) char K = p-, 

b) chariL = 0, chariL*^^) = p and ti is a local parameter in K{1)] 

c) iL is a hnite extension of E, which satishes the above assnmptions from b). 

The case a). 

Here K = k{(tN))... ((ti)), where k is a, hnite held of characteristic p. li N = 0 
then Ub{K) contains by dehnition only one set {0}. Then the family U{K) of all 
open sets in K consists of all snbsets of K. Snppose N ^ 1. Let In, ... ,^2 be 
the images of tjv, ... , ^2 in K^^\ Then = /c((tjv)) ■ ■ • ((^ 2 )) and we can nse 
the correspondences In ^ t^, ■ ■ ■ M ^ t 2 and a h-> a for a G /c, to dehne the 
embedding h : K. Then Ub{K) consists of the sets Xlaez where 

all Ua G and for a > 0. 

The case b). 

Here again the images f 2 , ■ ■ ■ , f]\f give a system of local parameters of and 
the family of all open snbsets of is already dehned by indnction. So, we nse 
again the map h : K, which is determined by the correspondences fi 1 —> ti, 

i = 2,..., N, and a ^ [a] for a G k, and proceed along lines in the case a). 

The case c). 

If [K : E] = n, then the P-topological strnctnre on K comes from any isomor¬ 
phism of i?-vector spaces K ~ E'^ and the P-topological strnctnre on E. 

It is well-known that K is an additive P-topological gronp bnt the mnltiplication 
in K has very bad P-topological properties. Later we need to stndy the P-continnity 
of maps between objects obtained from iL-spaces by dnality. For this reason we 
shall nse the following description of compact snbsets in K. 

Introdnce a basis Cb{K) of compact snbsets in K. In other words, if Cb{K) is 
snch a family then any compact snbset D in K will appear as a closed snbset of 
some C G Cb{K). Proceed again by indnction on the dimension N of K according 
to above assnmptions a)-c) abont K. 

In the case a) Cb{K) will consist of the only one set {K} if N = 0. If N ^ 1 
then in the cases a) and b) we can nse the map h : K to dehne Cb{K) 
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the family of subsets Xlaezwhere Ca € Cb{K) and Ca = {0} for a -C 0. 
In the case c), we just set Ct,{K) = {C^ \ C G Ch{E)}. 

Proposition 1.1. The above defined family Cb{K) is a basis of P-compact subsets 
in K. 

Proof. Proceed by induction on N when K satishes the assumptions from the cases 
a) and b). The case = 0 is clear. 

Let ^ 1. Prove hrst that Cb{K) consists of compact subsets in K. Suppose 
C = G C.b{K). Notice hrst, that each h{Ca) is P-compact in K. For 

any 6 G Z, set C^b = X]a<bThen C^b is P-homeomorphic to the product 
of hnitely many compact sets h{Ca), a ^b. Therefore, C^b is P-compact. Finally, 
C = jimC'^b as P-topological sets. So, (A is compact. 

b 

Suppose P is a P-compact subset in K. Take uq G Z such that 
D C X]a>ao (^i^ch ao exists because D is compact). From the deini- 

tion of the P-topology it follows that all projections pr^ : D —iPTi (where for 
any d E D, d = '^tih{pr^{d))) are open maps. Therefore, all pr^(P) are compact 
subsets in pT). By induction there are Ca G Cb(pT)j such that pr„(P) are closed 
subsets in Ca- So, P is a subset in the P-compact set ^t“/i(C'a) G Cb{K). 

Finally, the case c) follows from the dehnition of the P-topology as the product 
topology associated with the P-topology on E. The proposition is proved. 

The following proposition can be proved easily by induction on N. 

Proposition 1.2. For any Pi, 6*2 G Cb{N), C 1 + C 2 E Cb{K) and C 1 C 2 E Cb{K). 

Remark. A small modihcation of the above arguments proves the existence of a 
base of compact subsets C^(P), which consists of additive subgroups of K. 

2. Higher dimensional elimination of wild ramification. 

2.1. Introduce the category LC of higher dimensional local helds with a given 
subheld of constants of codimension 1. The objects in LC are couples (P, E) where 
P is a local held of dimension P ^ 1 and P is a topologically closed subheld of 
dimension N — 1 which is algebraically closed in P. If P = 1 and char P = 0 we 
shall agree by dehnition to take as E the maximal unramihed extension of Qp in P, 
i.e. in this case a 1-dimensional held will play a role of a subheld of 0-dimensional 
constants. Morphisms (P, E) —(P', E') in the category LC are given by P- 
continuous morphisms of local helds / : P —^ K' such that f{E) C E'. 

We shall use the notation LC(P) for the full subcategory in LC consisting of 
{K,E), where P is an P-dimensional held. Notice that LC(1) is equivalent to 
the usual category of complete discrete valuation helds with hnite residue held of 
characteristic p. 

Remark. Suppose (P, E) E LC. Then there is a natural embedding of hrst residue 
helds PT) c PT) but (pT),p(i)) is not generally an object of the category 
LC(P — 1), because PT) is not generally algebraically closed in pT). Notice that 
it is separably closed in pT); otherwise, P will possess a non-trivial unramihed 
extension in P. 

Definition. (P, P) G LC(P) is standard if there is a system of local parameters 
ti,..., tAT in P such that ti,... fiN-i is a system of local parameters in P. In other 
words, if (P, P) is standard then there is a, t^ E K which extends any system of 
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local parameters in i? to a system of local parameters in K. Snch an element 
of K will be called an A^-th local parameter in K (with respect to a given snbfield 
of (iV — l)-dimensional constants E). 

We mention the following simple properties: 

a) for any {K,E) G LC, there is always a closed snbheld Kq in K containing E 
snch that (itio, E) G LC is standard; this held Kq appears in the form E{{t}} with 
a snitably chosen element t of Ok', 

b) if {K,E) G LC(A^) and iL is a closed snbheld in K snch that K D E and 

{K,E) G LC(A^), then {K,E) is standard; (One can see easily, that [K : K] < oo 
and if tN is an N-th local parameter for K then is an N-th local parameter 

for K.) 

c) if (iL, E) G LC is standard then for any hnite extension E' of -E, {KE\ E') G 
LC is standard; (Any N-th local parameter in K is still an iV-th local parameter 
in KE'.) 

d) any {K,E) G LC(1) is standard; 

e) for any [K, E) G LC(2), there is a hnite extension E' of E snch that {KE' , E') G 
LC(2) is standard. (This follows from Epp’s Theorem.) 

The following property plays a very important role in the constrnction of rami- 
hcation theory for higher dimensional helds. 

Proposition 2.1. Suppose {K^E)^{L^E) G LC(A^), L D K and {L^E) is stan¬ 
dard. Then Ol = OxltN], where tN is an N-th local parameter in L. 

Proof. Clearly, C Ol- 

Let ti,..., tN-i be local parameters in E. It will be snfhcient to prove that 


if (ai, .. ., ttAT-i, ttAr) ^ Oat. 

We can assnme that on < 0 (otherwise, there is nothing to prove). 

Notice that tN = Nl/k'In is an Wth local parameter for K and tNtf^ G OK\tN]- 
Therefore, 


.ai _ +ai j.aN-l.aN(+ j. — l\—aN ^ d [+1 

ti ...tAT-ltAT [tNtj^ ) t C/KPAtJ 

becanse - G Ok- The proposition is proved. 

2.2. The following theorem plays in onr setting a role of a higher dimensional 
version of Epp’s Theorem. 

Theorem 1. If {K,E) G LC(A^), then there is a finite separable extension E' of 
E such that {KE',E') G LC(A^) is standard. 

Proof. Use indnction on N. 

If = 1 there is nothing to prove. Notice that the case N = 2 follows from 
Epp’s Theorem. 

Snppose A^ > 1 and the theorem holds for local helds of dimension < N. 
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Proposition 2.2. Suppose {K,E) G LC(A^), then there is a finite separable exten¬ 
sion E of E such that if K = KE then 

1) K and E have a common first uniformiser; 

2 ) E^^'> is algebraically closed in 

This proposition will be proved in nn.2.3-2.9 below. It implies the statement of 
Theorem 1 as follows. 

By the above property 2), E^^')) G LC(A^ — 1). Therefore, by the indnctive 

assnmption there is a hnite separable extension Ei of E^^') snch that (Ki^Ei) is 
standard (where Ki = K^^'^Ei). Denote by t 2 , • • ■, a system of local parameters 
in Ki snch that f 2 , ■ ■ ■ is a system of local parameters of Ei. Let E' be 

an nnramihed extension E snch that = Ei. Notice that if K' = KE' then 

= Ki. Let ^ 2 , • ■ ■ fiN-i be liftings of t 2 , • • •, fjv-i to and let tiv be a lifting 
of tiv to ■ Then ti,..., tjv is a system of local parameters in K' and ti,..., tw-i 
is a system of local parameters in E', i.e. [K', E') G LC(A^) is standard. 

Proof of Proposition 2.2. 

2.3. Choose a standard {Ko,E) G LC(A^) snch that Kq C K, and denote by 
ti,... ,tN a system of local parameters in Kq snch that the hrst iV — 1 of them give 
a system of local parameters in E. 

It will be snfhcient to prove onr theorem for extensions K/Kq satisfying one of 
the following conditions (becanse any hnite extension of Kq can be embedded into 
a bigger extension obtained as a seqnence of snch snbextensions): 

ao) there is a hnite extension E oi E snch that K := KE is nnramihed over 

Kq := KqE, i.e. snch that both helds K and Kq have the same hrst nniformiser 

and K^^^ is separable over Kq^^; 

ai) K/Kq is a cyclic extension of a prime to p degree m; 

b) K/Kq is a cyclic extension of degree p snch that after arbitrary hnite ex¬ 
tension of E the corresponding extension of hrst residne helds is either trivial or 
pnrely inseparable. When considering this case below we shall treat separately the 
snbcases: 

6 1) char K = 0; 

62 ) char K = p. 

c) K/Kq is a pnrely non-separable extension of degree p. 

Following the terminology from [Zh2] we can call (K, E) an almost constant 
extension of (Kq, E) in the case a) and an infernal elementary extension in the case 
b). 

2.4 The case oq). 

This case easily follows from the following observation. Consider the natnral held 
embedding C Then G LC(iV-l). Indeed, (Kq,E) G LC(iV) 

is standard, then E^^^ is a held of (N — 2 )-dimensional constants in Kq^\ which is 
algebraically closed in Kq^K On the other hand, E^^^ is separably closed in K^^^ 
(otherwise, E will have a non-trivial nnramihed extension in K). This implies 
that any hnite extension E' of E^^^ in K(P is either pnrely inseparable or trivial. 
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Therefore, E' C (because is separable) and E' = E^'^^ (because 

^( 1 ) 

is algebraically closed in 

2.5. The case ai). 

We can assume that E contains a primitive m-th root of unity. Then K = 
Ko{ •■■^7 ). where ai,..., aw G and we can assume that gcd(aw, fn) = 
1. Let E = E{ y/ti ,..., then i? has local parameters • • • ? 

and this system can be extended to a system of local parameters in iL = iLi? by 
adding a/^. So, {K, E) is standard and E^^'> is algebraically closed in 

2.6 Special extensions. 

For our future targets we need to keep control on the choice of the extension E 
of E in the proposition 2.2. This idea goes back to the paper [ZhK] where it was 
proved that Epp’s elimination of wild ramihcation for an infernal extension can be 
done by the use of subextensions of a given deeply ramihed extension. 

Consider an increasing sequence of hnite extensions 


E C Eq C Eq C El C El C ■■■ C En C En C ... 


such that each En and En have a system of local parameters tin, ■ ■ ■ ,tN-i,n and, 
respectively, tin, ■ ■ ■ ,tN-i,n, satisfying the following condition: 

C. There is a c > 0 such that for all 1 ^ i ^ N — 1 and n ^ 1, 

fj^_ i\ 

\ti^n—l / 

where is a ti-adic (1-dimensional) valuation on K normalised by the condition 
v^{ti) = 1 . 

Proposition 2.2 will be implied in the cases h) and c) by the following statement. 

Proposition 2.3. Suppose that K, Kq and E satisfy the assumptions from the 
cases b) or c). Then there is an n* G Z^o (depending only on the extension K/Kq 
and the c from the above condition C) such that proposition 2.1 holds with E' = En*. 

2.7. The case 62). 

In the case 62) we have K = Ko{0), 9^ — 9 = f,, where ^ G Kq is a power series 

a 

with restrictions on its coefficients described in the beginning of section 1. Applying 
the Artin-Schreier equivalence we can assume also that it contains only non-zero 
terms with a ^ Ow and d ^ Omodp if a 7^ 0. 

Set ^ + ^", where 

«' = Z ■ ■ • ‘“v f" = E 

aN=0 ajvT^O 


Let 


A = minjai | Os 7 ^ 0 , aw = 0 } = n^(^') 



B = min{ai | 7^ 0, a^r 7^ 0} = 

where is a ti-adic valuation from the above condition C. 

Notice that the hrst set can be empty. In this case we set by dehnition A = 0. 
The second set is never empty: otherwise, K is a, composite of an algebraic extension 
of E and Kq, i.e. E is not algebraically closed in K. For any s G let 

= minjai | 7^ 0,np(aAr) = s} 


(we set = 0 if the corresponding subset of indices is empty). Then B = 

minlS*^^) I s ^ 0}. 

Notice that if we pass from E to its hnite extension Eq, cf. condition C, then 
tio,..., tw-1,0, tw is a system of local parameters for KqEq. Rewrite ^ in terms of 
these local parameters and apply to this expression the Artin-Schreier equivalence 
to get rid of all p-th powers and terms from the maximal ideal of This 

procedure gives an analogue ^0 of ^ for the extension KEo/KqEq. As earlier, use 
the ti-adic valuation to dehne the analogues Aq, Bq, Bq^^ of, respectively. A, B 
and B^^\ s ^ 0. 

Lemma 2.4. a) Aq ^ A; 

b) for all s ^ 0, B^^^ ^ min | n ^ o|. 

Apply the similar procedure to the extensions Eq, Ei,Ei,... to get the invariants 
Ao,So,4"\ Ai, Ri, b[^\ Ai, B^, b[^\ .... 

Similarly, we have the following property. 

Lemma 2.5. For all i,s ^ 0, 

3') Aj-|-i ^ Aj, 

b) > min|^Rf+“^ | n ^ o|. 

When passing through the special extensions Ei/Ei, i ^ 0, we have the better 
estimates: 


Lemma 2.6. For all i ^ 0 and s 1, 

a) Ai ^ min|iAi,Ai + c|; 

b) Rf) ^minjRf 


c) ^min<iiRf^"';-^ IB 


1 r(s+1). 1 


;(s+m) 


+ c) ,u ^ 0}. 


Corollary 2.7. a) limi^oo A^ = 0; 

b) if'Ji = min{R^^^^ | s ^ 1}, then limi^ooTi = 0. 

Lemma 2.8. If i ^ 0 is such that Bf'^ < B^^^ for all s ^ 1, then for all u ^ i, 
Bu = Bf\ 

Corollary 2.9. There is an index n* such that An* > Bn* ■ 

So, if n ^ n*, then Kn'^ = K^^{6) with 


QP = 7]:= (t^n'^'Cn) modm^^l 
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where B = = Bn* and Clearly, rj ^ + En^ and, therefore, 

En'^ remains to be algebraically closed in Kn^. 

Besides, if n ^ min{n*, 1} then the hrst nniformiser tin appears in the leading 
term of the with an exponent divisible by p and, therefore, it is also a nniformiser 
for Kn- So, proposition 1.3 is proved in the case 62)- 

2.8 The case c). 

In this case we have K = Ko{9), 9^ = where ^ G Kq is the power series from 
n.2.7, containing non-zero terms only with a ^ Omodp. 

Set ^ where 

«'= E E [«=]';'■--iN-py 

aiv=0modp aiv^Omodp 


Let 

A = min{ai | 7^ 0, gn = 0 modp} = 

B = minjai | 7^ 0, gn ^ 0modp} = 

where is a ti-adic valnation from the above condition C. 

Notice that the hrst set can be empty. In this case we set by dehnition A = -|-cx). 
The second set is never empty: otherwise, 9 is algebraic over E, i.e. E is not 
algebraically closed in K. 

If we pass from E to its hnite extension E^, where t = 0,1,..., cf. condition C, 
then til,..., tAT is a system of local parameters for KoEi. Rewrite ^ in terms 

of these local parameters and take away all p-th power terms. This procednre gives 
an analogne of ^ for the extension KEi/KoEi. As earlier, nse ti-adic valnation 
to dehne the analognes Ai and Bi. 

Similarly, introdnce the invariants Ai and Bi, where i = 0,1,..., when passing 
in the above procednre from E to Ei. 

We have the following estimates. 

Lemma 2.10. a) Aq ^ A and Bq = B; 

b) for all i ^ 0, Ai^i ^ Ai and = Bi; 

c) for all i ^ 0, Ai ^ Ai + c and Bi = Bi. 

This implies immediately that there is an index n* snch that An* > Bn* = B. 
Therefore, for all n ^ n*, Kn^ = where 9^ is the image of in 

, where e~^ = v^{tin)- Clearly, En ^ is still algebraically closed in Kn \ Even 
more, if n ^ min{n*, 1} then ti„,..., appear in the leading term of with 

divisible by p exponents. In particnlar, tin is still a (hrst) nniformiser for Kn- 
The case c) is also considered. 

2.9. Characteristic 9 analogue of the Artin-Schreier theory. 

The characteristic 0 case 61) can be treated similarly to the characteristic p case 
62) dne to the characteristic 0 analogne of the Artin-Schreier theory from [Abl]. 
This constrnction can be briehy reminded as follows. 

Snppose Lq is a complete discrete valnation held of characteristic 0 with the 
maximal ideal m^g and the residne held k of characteristic p. Assnme that Cp ^ Lq 
(where Qp is a primitive p-th root of nnity) and let tti G Lq be snch that = —p. 
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Proposition 2.11. 

a) L = Lo(^/w) with G 1 + tti if and only if L = Lq{ 9), where 9^ — 6 = w 
with w G p~^ 

b) With the above notation and assumptions L admits another presentation L = 

Lq{9i), where 9i — 9i = wi E p~^ ^Lq, if wi — w + — r] with rj E Lq such that 

rf E p~^ 

Proof. We only sketch the idea of the proof. 

Let 

E{X) = exp (W + XP/p + ■ ■ ■ + XP"/p^ + ...) G Zp[[W]] 

be the Artin-Hasse exponential. Then v = E{'n'iV) with V E ihlq and if = v, 
u E L, then u = E{U) with U E mx,. Then the eqnivalence 

E{XP) = E{XP) exp{pX) = E{XP+pX) mod{p‘^X,pXP) 

implies that 

JJP + pU = TiiV modTTipmx, 

(notice that UP E tti mx,). 

Divide both sides of the above eqnivalence by ti\ and dednce that L = Lq{9)^ 
where 9p — 9 = w E p~^ mx,Q with 9 = mod mx, and w = p~^V mod mx.^. 

2.10 The case bi). 

Proposition 2.12. Suppose K^Kq and E satisfy the condition 6i) from n.2.3. 
Then there is an n* E Z^o such that proposition 2.3 holds with E' = En*. 

Proof. Assnme hrst that Cp ^ E. 

Then KEq = {KoEo){^^), where ho — ^lo ■ ■ - + a), a G 

Cl,..., Cat G Z^o- 

Then the condition C from n.2.6 implies that 

W=t?S^...4 ^-(l + a^ + 6), 

where a, 6 G mx^Eo ^md v^{b) ^ c. This implies that KEq = KoEo{^/vo), where 
Vo = 1 + pa + b with a, 6 G m.KoEo snch that v^{b) ^ c. 

By continniing the above procednre we obtain that KEn = {KoEn){^/u^) where 
Vn = l+pbn with bn E niKoEr,- Since Vn E I + tti laKoE^, the extension KEn/KoEn 
can be given via the analogne of the Artin-Schreier theory from n.2.9 and we can 
proceed fnrther as in n.2.7 to hnish the proof of onr proposition. 

Snppose now that (p ^ E. 

Let K' = KiCp), iL' = KoiCp), E' = E{Cp) and ^ = K(Cp), K = i?n(Cp) for 
all n ^ 0. Then the tower 

E'CE'ci?'c...Kci?;c... 

satishes the condition C from n.2.6. Therefore, there is an n* snch that if = 
KE'^ and = KqE'.^, then is algebraically closed in 

Let F be a non-trivial pnrely inseparable extension of En^ in K^\ Then EE'J-^^ 
is a non-trivial pnrely inseparable extension of in 

(nse that : En \ < p). Bnt this contradicts to the fact that is al¬ 
gebraically closed in Therefore, En'^ is algebraically closed in Kn \ becanse 

it is its separably closed snbheld. 

The proposition is completely proved. 
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3. Ramification theory and Krasner’s Lemma. 

3.1 The category of local fields with F-structures. 

This category LF(A^) will apear as the disioint union of its two full subcateffories 
LFo(iV) and LFp(iV). 

The category LFo(A^). 

Choose a simplest A^-dimensional local held Lq = Qp{{tAr}} ■ ■ • {{^ 2 }}- Dehne 
its F-structure as an increasing sequence of closed subhelds {To(i) | 1 ^ i ^ N} 
with the system of local parameters p = ti,t 2 , ■ ■ ■ fiN- Choose an algebraic closure 
Lq of Lq. Denote by C{N)p the completion of Lq with respect to its hrst (p-adic) 
valuation. For 1 ^ i ^ N, denote by C{i)p the completion of the algebraic closure 
of Fo(i) in C{N)p. It will be convenient to have a special agreement for i = 0. 
By dehnition, C(0)p is the completion of the maximal unramihed extension of Qp 
in C{N)p and Fo(0) = Lq D C(0) = Qp. Notice that C(l)p = Cp is the p-adic 
completion of an algebraic closure of Qp. 

Clearly, the P-topological structure of hnite extensions of Lq induces the P- 
topological structures on the helds C(0)p C C(l)p C ■ ■ ■ C C{N)p. 

The objects of the category LFo(A^) are hnite extensions K of Lq in C{N)p with 
the induced F-structure. This structure is given by the sequence of algebraically 
closed and F-closed subhelds {K{i) | 0 ^ i ^ N}, where K{i) = K nC(i)p. Notice 
that K{0) is the maximal unramihed extension of Qp in K. We agree to use the 
notation K for the algebraic closure of K in C(A^)p. Notice that F^ = A.ni{K/K) 
consists of F-continuous held automorphisms r of C{N)p such that fix = id and 
for all 0 ^ i ^ T(C(i)p) = C(i)p. It is well-known [Hy], that C(A^)p^ = K and, 
therefore, for all 0 ^ i ^ A^, C{i)p^ = K{i). 

Suppose K,L G LFo(A^). Then the corresponding set of morphisms 
HomLF(jV)(F, L) consists of all F-continuous held morphisms (p : C{N)p C{N)p 
such that for 0 ^ i ^ N, 

a) (p{C{i)p) = C{i)p- 

b) v?(F) C L. 

Notice that any ip G HomLF( 7 V)(F, F) transforms the F-structure of K to the 
F-structure of L. 

The category LFp(A^). 

We proceed similarly to the above characteristic 0 case. Choose a basic N- 
dimensional local held Lp = Fp((tAr))... ((ti)) and dehne its F-structure by a 
sequence of subhelds {Lp{i) | 0 ^ i ^ A^} such that Lp{i) has local parameters 
ti,... fii- Choose an algebraic closure Lp of Lp. Denote by C{N)p the completion 
of Lp with respect to its hrst valuation. For 0 ^ i ^ N, denote by C{i)p the 
completion of the algebraic closure of Lp{i) in C{N)p. As earlier, the F-topological 
structure of hnite extensions of Lp induces the F-topological structures on the helds 
Fp = C(0)p C C(I)p C ■ ■ ■ C C(A^)p. 

The objects of the category LFp(A^) are hnite extensions K of Lp in C{N)p with 
the induced F-structure {K{i) | 0 ^ i ^ A^}, where K{i) = K nC(i)p. Notice that 
C(A^)p^ = Ti{K) — the radical closure (=the completion of the maximal purely 
non-separable extension) of K in C{N)p. Similarly for 0 ^ i ^ A^, it holds that 
= ^(-^(*))- The morphisms in LFp(A^) are dehned also along lines in the 
above charactersitic 0 case. 
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3.2 Standard F-structure. 

We say that the F-structure on L G LF(A^) is standard if there is a system of 
local parameters ti,... ,tN in L snch that for all 1 ^ r ^ ti,...,is a system 
of local parameters for L{r). Applying the above Theorem 1 we obtain easily the 
following 

Proposition 3.1. For any E G LF(A^), there is a finite separable extension E' of 
E[N — 1) such that EE' has a standard F-structure. 

Remark. The above proposition played a fnndamental role in the constrnction of 
the higher dimensional ramihcation theory in [Ab5], bnt its proof in [Ab5] was 
not complete, dne to reasons mentioned in the Remark from 2.1. Notice that the 
constrnction of ramihcation theory, cf. n.3.3 below, can be based only on the resnlt 
of Theorem 1. 

Note that the F-strnctnre allows to treat higher dimensional local helds in a 
very similar way to classical complete discrete valnation helds with hnite residne 
helds. For example, for any hnite extension of local helds with F-strnctnre we can 
introdnce: 

a) a vector ramification index e{L/K) = (ei,..., cn)- 

Any hnite extension of AT in R appears with a natnral F-strnctnre and a nat- 
nral P-toplogy. In particnlar, if L C M are snch snbhelds in K then its vec¬ 
tor ramihcation index eqnals e{M/K) = (ei,..., cat), where for 1 ^ r ^ A^, 
Cr = [M(r) : L(r)]/[M(r — 1) : L(r — 1)]. This index plays a role of the nsnal 
ramihcation index in the theory of 1 -dimensional local helds. 

b) a canonical N-valuation vl '■ L —U {cxd}. 

If L has a standard F-strnctnre and ti,... fiN is a corresponding system of local 
parameters, then vl is nniqnely dehned by the conditions VL{ti) = ( 1 , 0 , ..., 0 ), 
VLit 2 ) = (0,1, 0,..., 0), ... , VL(tN) = (0, 0,..., 0,1). Otherwise, one shonld nse a 
hnite extension Li of L with standard F-strnctnre and set vl — . 

3.3 Review of ramification theory. 

Snppose K G LF(A^). Then F^r = Aut{K/K) has a canonical decreasing 
hltration by ramihcation snbgronps {F^^ | j G J{N)} with the set of indices 
J{N) = U W- Here W = {j G Q’’ | j ^ Or} with respect to the lexico- 

graphic ordering on Q’', where 0^ = (0,..., 0) G Q’'. By dehnition, if ri > r 2 then 
any element from is bigger than any element from J^^- 

The dehnition of this hltration can be described as follows. 

Let E/K be a hnite extension in K (this is a snbheld in C(A^)p or C{N)p). 
Consider the hnite set Ie/k of all P-continnons embeddings of E into K which are 
the identity on K. 

There is a natnral hltration of this set 


Ie/k Ti Ie/k,o Ti Ie/k,{o,o) D ■ ■ ■ D Ie/k,0n 

where for 1 ^ r ^ A^, Ie/kp^ embeddings which are the identity on the snbheld 
of (r — l)-dimensional constants E{r — 1). 

For 1 ^ r ^ A^ and j E Jr, dehne the set Ie/k,/ E Ie/k,O r follows. 

Take a snitable hnite extension E' of F(r — 1) in K snch that if E{r) = 
E'E{r) and K{r) = K{r)E' then (Recall, if L G LF(r) then 
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Ol = {/ G L I vl{1) ^ Or}.) Then use the natural identihcation Ie/k,o^ = 
^E{r)/k{r) dehne the ramihcation hltration of Ie/k in lower numbering 

^E/K,j = {r e lE{r)/k{r) I '^E{r)ij{0) - 9) ^ VE(r)i9) +j}. 

Introduce an analogue of the Herbrand function (Pe/k ■ J{^) —^ J{^) by 
setting for 1 ^ r ^ and j G Jr, 

‘fE/Kij) = e~^(r)/K(r) j_ \^E/K,j\dj G Jr- 

This gives the upper numbering such that for any j G J{N), = lE/K,ipE/K{j)- 

As in the classical situation, if E 2 D Ei D K, then the natural projection 
IE 2 /K —^ ^e^/k induces for any j G J{N), an epimorphic map from Ie^/k onto 

( 7 ) ( 7 ) (i) 

^Ei/K is the ramihcation subgroup of T^^ with the upper 

number j. 

As an example, consider the case of an extension E/K in LF(A^) such that 
[E : K] = and e{E/K) = (p, ...,p) G . Then for 1 ^ r ^ A^, there are 
ctr > Or such that for all j & Jr, 


kEIxU) — 


j, ifj < ap, 

OLr + if J ^ OLr 


As in the classical case for any hnite extension E/K, the Herbrand function 
PEjK '■ Ji^) —^ is a piece-wise linear function with hnitely many edge 

points. Dehne i{E/K) G J{N) and j{E/K) G J{N) as the hrst and the second 
coordinates of the last edge point of the graph of Pe/k- Notice that if 1 ^ r ^ A^ 
and j G Jr then j G Jr is an edge point ih pL{j) 7 ^ p'^{j), where and p'^{j) 

are slopes of Pe/k in the left and right neighbourhoods of j, respectively. (By 
dehnition, p'_{0r) = fi'roe^Jr)/K(r)’ where Qro = [E{r) : K{r)E{r - 1)].) 

If 1 ^ r ^ A^and j G Jr, thenp'_{j) = 9-{j)e^lr)/Kir) and(p'+(j) = ^+(j)eEjr)/K(r)’ 
where g-{j) and g+{j) G N. We shall call g-{j)/g^{j) := multE/K(j) — the mul¬ 
tiplicity of Pe/k in j E Jr- We have: 

— maltE/Kii) = 1 if and only if j is not an edge point; 

— n niulti7:/K(i) = [E :K]. 

jeJ{N) 


3.4. Krasner’s lemma. 

Suppose L, K E LF(A^), L P K, L(N — 1) — K{N — 1) and i? is a hnite extension 
of L{N — 1) such that {LE,E) G LC(A^) is standard. Then = Oj^[9] where 
L = LE, K = KE and 9 is an A^-th local parameter in L. 

Let E{T) = -|- ■ ■ ■ -|- G Ci^[T] be the minimal unitary polynomial 

for 9 over K. Denote by 6*1 = 9,92, ■ ■ ■ ,9d G K all roots of E(T). Notice that 
VLi9i) = ... = VL{9d) = (0,..., 0,1). 

In this situation the Krasner Lemma can be given by the following proposition. 
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Proposition 3.2. If a ^ K is such that = A+ (0,..., 0,1) with A > 0^, 

then 

1) there is an index 1 ^ Iq ^ d such that VL{a — 6i^) = a + (0,..., 0,1), where 
I>l/k{o) = A; 

b) if A > j{L/K) then the above index Iq is unique. 

Proof. Choose an index Iq snch that 

VL^a — 9 iq) = max{ni:,(a — 9i) \ 1 ^ I ^ d}. 

Let a G Jjv be snch that vl{c( — 9iq) = a + (0,..., 0,1). 

Lemma 3.3. VKiPia)) = PL/K^of) + (0,..., 0,1). 

Proof of lemma. Let < *2 < ■ ■ ■ < be the lower indices which correspond to 
all jnmps of the ramihcation hltration on Il/k- Then for some integers d = go > 
gi > ■ ■ ■ > gs-i > 9s = ^ and all 1 ^ i ^ n, vl{ 9 — 9i) takes go — gi times the 
valne ii +vl{9)^ ... , gs-i —gs times the valne ig +vl{9). Notice that ig = i{L/K), 
cl/k = (1, ■ • •, 1, d) and if b ^ a < it+i for some 0 ^ ^ s (with the agreements 

io = On and is+i = cx)) then 

Pl/k{ 0 ') — (doh + ■ ■ ■ + gt-i{it — h-i) + 9titt — h)) ■ 

Clearly, for all 1 ^ ^ s, VL{a — 9i) = m\n{vL{oi — 9 iq),vl{9iq — 9i)}. This 

implies 


VLiFia))= ^ VLia-9i) 

l^l^n 


= {go - 9 i){ii + vl{9)) H-h {gt-i - gt){it + vl{9iJ) + gt{a + vl{ 9 io)) 


= 9oVl{9io) +goii +gi{i2 - n) H- \-gt-i{it - h-i) + 9t{a - it) 


— ^l/K {vl{9io) + PL/KiO')) ■ 

The lemma is proved, becanse vk — 

It remains to prove the part 2) of onr proposition. 

Snppose is a root of F with the same property VL{ct — 9i.^) = a + (0,..., 0,1). 
Then vl{9ij^ ~ ^lo) ^ a + (0,..., 0,1). Bnt if A > j{L/K) then a > i{L/K) and 
9ii = 9i2. 

The proposition is proved. 

Corollary 3.4. With the above assumption and notation 

vk{D{F)) = d)j{L/K) - i{L/K) + (0,..., 0, d - 1) 


where D{F) is the discriminant of F. 
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Proof. Let S{F) = {6 — 62 ) ■■■ {0 — 6 d) be the different of F. Then 


vk{d{f)) = vl{5{f))= Y, VL{e-ei) 

2^i^d 

= (go - 9i)iii + VLiO)) H-h {gs-i - gs){is + vriO)) 

== e{LjK)(pLiK{is) -is + {d- 1 )vl{0) 

It remains to notice that e{L/K) = (1,..., 1, d), ig = i{L/K) and ^Plik{'^s) — 
KL/K). 

Corollary 3.5. j{L/K) ^ 2vk{D{F)) . 

Proof. This follows from the last corollary becanse i{L/K) ^ VL{d{F)) — vk{,D{F)). 

4. Families of increasing towers. 

In this section we work with local fields of characteristic 0 from LFo(A^). 

4.1. The category B{N). 

The objects of B{N) are increasing seqnences K, = {Kn | n ^ 0} of Kn G 
LFo(A^). If G B{N), then Homg('jv)(i^., T.) consists of field antomorphisms 

/ : C{N)p — C{N)p snch that 

— / is P-continnons; 

— / is compatible with F-strnctnre; 

— f{Kn) C Ln for all n ^ 0. 

Clearly, if K, = {Kn | n ^ 0} G B{N) then for any 1 ^ r ^ A^, the snbfields of 
constants of dimension r, {iF^(r) | n G give an object of the category B{r). 

This object will be nsnally denoted by K,{r). 

Notice that two towers K, and L, are natnrally isomorphic if Kn = Ln for all 
Q (all snfRciently large n). Snch towers will be called almost eqnal. 

Let K,,L, G B{N). Then by definition K, C L, or L. is an extension of K, if for 
all m 3> 0, Km C Lm- L, is a finite extension of K, of degree d = d{LjKf) if for 
all m 3> 0, [Lm ■ Km] = d. Clearly, if LJK, and MJL, are finite extensions then 
MJK, is also finite and d{MjKf) = d{LjKf)d{MjLf). 

An extension L./K, will be called separable if there is an index mo and an alge¬ 
braic extension E of ATmo snch that L. is almost eqnal to 
EK, := {EKm I Tn ^ 0}. Clearly, if LJK, and MjL, are separable then MJK, is 
also separable. Notice also, that the composite of finitely many separable extensions 
of K, is again separable over K,. Therefore, any finite extension LJK, contains a 
“nniqne” maximal separable over K, snbextension (i.e. any another maximal 
separable snbextension is almost eqnal to 

An extension LJK, will be called pnrely inseparable if for any n ^ 0, there is an 
m = m(n) ^ 0 snch that Ln C Km- The simplest example of a pnrely inseparable 
extension of AT. is K[ snch that for all m, K'.^ = Km+i- 

Snppose L. D AT. is a finite extension in B{N) of degree d = d{LjK,). Let L 
and K be the p-adic completions of the U Lm and, resp., U Km- Snppose that 

[L : K] = d. Then there are the following simple properties: 



— d = d iS L, is separable over K,; 

— (i = 1 iff L. is purely inseparable over K/, 

— if mo ^ 0 is such that L^qK = L then = LmoK. and L. is purely 
inseparable over 

if if := {L^ n I m ^ 0} then is the maximal purely inseparable 

ii) 

extension of K, in L, and L. is separable over L] ^. 

4.2. The category N G Z^o- 

Definition. B°‘{N) is a full subcategory in B{N) consisting of K, G B{N) such 
that there is an index n* = n*{K,) and c* = c*{n*,K,) > 0 such that for all 
n ^ n*, 

a) [Kn+i : Kr,] = and e{Kn+i/Kn) = (p,... ,p) g 

b) if 1 ^ r ^ then pr^^ j(iir^_i_i(r)/iir„(r)) ^ p'^c*. (pri(j) denotes the hrst 
coordinate of j G Jr C Q’’.) 

Remark. 

a) If K, G B°‘{N) then for n ^ n*{K,), all Kn have the same last residue held. 

b) With the above notation K, G B‘^{N) will be sometimes called a tower with 
parameters n* and c*; notice that any n'* ^ n* and 0 < c' ^ c* also can be taken 
as parameters for K,. 

Proposition 4.1. Suppose K,,L, G B{N) and L, is a finite separable extension of 
K.. If K. G B^{N) then L. G i3“(iV). 

Proof. Suppose K, has parameters n* = n*{K,) and c* = c*{n*, K,). 

If L. = {Lm I m ^ 0} then we can assume that there is an mo ^ n* such that 
for all m ^ mo, Lm+i = LmKm+i and [Lm : Km] = d{L,/K,) is independent on 
m. This implies that [Lm+i ■ Lm] = P^ and e{Lm+i/Lm) = (p, ■ • •, p) if ^ mo. 
In other words, L. satishes the requirement a) of the above dehnition of objects in 
B^{N). 

Prove that L. satishes the condition b) from the dehnition of objects from B°‘{N). 
By induction on ^ 0 we can assume also that Lm{N — 1) = Km{N — 1) if m ^ tuq. 
Let C^m ~j{,Lm/Km) aud jVn ~ j {,Km-\-l /Km) ■ 

Lemma 4.2. If m ^ mo then am+i ^ ma,x{pam — {p — l)im, «m}- 

Proof. By the composition property of Herbrand’s function we have 

(1) TLrr^+lIKruU) = TK^r^ + lIKr, (<PL^+1 / +1 (J ) ) 

for any j G J{N). Looking at the last edge points we obtain 

j{Lm+ilKm) = max{(pK^^j/K^(a^+i), . 

On the other hand, Lm+i = LmKm+i implies that j{Lm+i/Km) = max{a^, j^}. 
Therefore, 

if O-m ^ jm then ‘-P Km+I / Km^^rn+l) ^ Ctm, 

— if am < jm then am and PK^+i/Kmi^rn+i) coincide because the both appear 
as 2nd coordinates of the prelast edge point of the 

It remains only to notice that for j G J^v, 
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f j, if j ^ jm 

\ jm "1“ p(j jm)i if J ^ jm- 

The lemma is proved. 

Lemma 4.3. Ifm ^ mo and am < jm then = ¥^l^+i/k^+i- 

Prooj. Notice first that j{Lm+\lKm) = max{a^, j^} = jm- 
Let j'^ = j{Lm+i/Lm)- Then for all j e J{N), 

( 2 ) PLru+ilKmU) = PL^IK^iPL^+ilL^U)) 

implies that = max{a^, (j;^)}. Therefore, 

Notice that e{Lm+i/Lm) — e{Km+i/Km) = iPm--TP) implies that 
V^L^+i/L^(j) = j and = j for all On < j < j'm and,_resp., On ^ 

j ^ jm- Therefore, the above relations (1) and (2) imply that for all On ^ j ^ j'm^ 

PLr^+T,/K^+-,{j) = = PL^/K^{j)- 

In addition, the point {jm,jm) is the last edge point of the graph of ‘PLm+i/Km 
with the minimal possible mnltiplicity p. Bnt all edge points of (Pl^+i/k^+i and 
‘PLm/Km are sitnated in the area j < Therefore, these fnnctions coincide for all 

j- 

The lemma is proved. 

We continne the proof of onr proposition. 

If m ^ mo, then pri(jVn/p"^) ^ c*. Then Lemma 4.2 implies that 


Ctm+l ^ 

pm+1 ^ 


max 



(c*,0 ,...,0). 


pm+1 


Therefore, amjp^ tends to 0 and taking (if necessary) a bigger mo we can as- 
snme that for all m ^ mo, prj^(a^/p"^) < c* and, therefore, am < jm- Then by 
Lemma 4.3 the Herbrand fnnctions of the extensions Lm/Km with m ^ mo coin¬ 
cide. Denote this fnnction by P^ljk. and nse the relation ‘PL./K.Um) = 2m, where 
j'm = j{Lm+i/Lm), from the proof of Lemma 4.3. 

Becanse P>ljk. is a piece-wise linear fnnction the condition pr^^ ^ p'^c* im¬ 
plies the existence of 0 < = c*{mo,Lj < c* snch that pr^(+) ^ p'^c^ for all 

m ^ mo. 

The proposition is proved. 


4.3. The category 3^°-{N). 

4.3.1. Snppose K, G B^{N) with parameters n* = n*{K,) and c*(n*,iL.). 

Definition. If indices ui,... ,un are snch that n* ^ un ^ un-i ^ ^ ui then 

Kui...uN = — l)Kuj^- We nsnally denote this field (with its 

natnral F-strnctnre) as where u = (wi ,... ,un)- 

Definition. Denote by the fnll snbcategory of all K, G B‘^{N) snch that 

for some index parameter fi® = vP{K,), K^o has a standard F-strnctnre. 

Remark. If vP = vP[Kj) is the above index parameter then we always assnme that 
n*{K.)=ul. 
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Proposition 4.4. Suppose L. D K, is a finite extension in Then there is 

a finite Galois extension L. of K, such that L. D L. and L. G 

Proof. Let n* = n*{L,) = n*{Kf). Choose a finite Galois extension E of K^* 
snch that E, = EK, D L.. Then E, G B°'{N), cf. n.4.2, and we can assnme that 
n* = n*{E,). Take a finite extension E of En*{N — 1) snch that {En*E,E) is 
standard in the category LC(A^). 

Let E, = EKfiN — 1). We can assnme that m* := n*{E,) = n*{K,{N — 1)) ^ 
n*. By indnction there is a finite Galois extension H of K{N — l)m* snch that 
H, = HKfN - 1) D F. and H. G B^^{N - 1). Then H) G LC(iV) is still 

standard and, therefore, HE, G Bf°‘{N). At the same time, HE, is Galois over K, 
as a composite of Galois extensions. 

The proposition is proved. 

4.3.2. The following proposition (or more precisely, its applications below) plays 
a crncial role in the constrnction of an analogne of the field-of-norms fnnctor. 

Proposition 4.5. Suppose E, G B^°‘{N). Then for any u ^ u%{E,), there is a 
V — v{u) ^ u such that {EuEy{N — 1), Ey{N — 1)) G LC(A^) is standard. 

In nn.4.3.3-4.3.6 below we assnme that this proposition is proved and consider 
its applications. We need these applications later in onr constrnction of the field- 
of-norms fnnctor. We also need them in dimension < N, when proving the above 
Proposition 4.5 by indnction on N in n.4.4. 

4.3.3. Functions rUy, 1 ^ r < N. 

Proposition 4.6. Suppose K, G B^^{N) with the index parameter vP{K,) = 
Then for 1 ^ r < N, there are non-decreasing functions my : 
^ such that for any ui ,..., un such that 'Uw-i ^ , 

ui ^ mi{u 2 ), Ku.^^u 2 ...un has a standard E-structure. 

Proof. Use indnction on N. 

Then for K,{N — 1) G B^°‘{N — 1), there are fnnctions niy : 
where 1 ^ r ^ — 2, snch that if 'Uw-i ^ '^n -2 ^ ■■■ , 

ui ^ mi(u 2 ) then K{N — T)u 2 ...un has a standard F-strnctnre. 

If -u ^ take v — v{u) ^ from Proposition 4.5. Then define m^v-i : 

Z>,,o —Z>,,o by the relation 

^^N-1 


mN-i{u) = max{n('u') | u%i ^ u}. 

Then this collection of fnnctions m^, 1 ^ r < A^, satisfies the reqnirements of onr 
proposition. 

Remark. With the above notation, snppose the indices are snch that 

and the fnnctions Uy : Z^„o^^ — Tj-^yo^ 1 ^ r < A^, are snch that 

Vy^i ^ ny{u) ^ myiu) for all u ^ fr+i- Then the proposition holds 

also with the indices ..., and the fnnctions n^-i ^..., ni. In particnlar, we 
can assnme (if necessary) that the fnnctions my from onr proposition are strictly 
increasing. 


19 



4.3.4. Local parameters. 

Suppose K, G and for 1 ^ r < A^, TUr : ai'e corre¬ 

sponding functions from the above proposition. We always agree to assume in this 
situation that n*{K,) = u% and mr{u^^i) = for all 1 ^ r < A^. 

Let 1 ^ r ^ A^ and let indices ui,... ,Ur be such that Ur ^ Ur-i = mr{ur)j 
... , ui = mi{u 2 ). Let tu} be an r-th local parameter in the held 

Proposition 4.7. For any indices ui, un such that un ^ u%, 

un -1 ^ mN-iiuN), ... , ui^ 'rni{u 2 ), the above introduced elements tui , ■ ■ ■ 
give a system of local parameters in the field (1)... {N — l)Kuf^ ■ 

Proof. If A^ = 1 there is nothing to prove. 

If A^ > 1 we can assume by induction that tui , ■ ■ ■, ti^_P is a system of local 
parameters in i? = (1) • • • -^ujv-i (-^ ~ !)• 

Let = mN-iiuN), u'n -2 = ... , u[ = miiu^). Let E' = 

(1 )...^{N — 1) and set Ku> = E'E^j.^. Then E' d E and {Ku',E') G 

LC(A^) is standard. Therefore, {Ku'E^E) is also standard, i.e. extends the 
system of local parameters tu}^ ■ • ■, ti^_P of i? to a system of local parameters of 

Kji = Ku'E. 

The proposition is proved. 

4.3.5. Construction of special extensions. 

Assume that K, G is given via the above notation. Assume in addition 

that the functions m^, 1 ^ r < A^, are strictly increasing. 

For any n G set v'^ = u% +n and dehne the vector h"" = (nf,..., v'^) by the 
relations = m^-iiv^ + 1)^ ... ^ v^ — miivlf + !)• Notice that for any indices 
wi,..., wn such that v]t ^ Wr ^ + 1 with 1 ^ r ^ A^, the held has 

a standard F-structure. Indeed, for any 1 ^ r < A^, mr(rCr+i) ^ -|- 1) = 

V^ ^ Wr- 

Set for all n ^ 0, 'u"-+^ = {v'^ F I,... ,v'^ F 1), Oyr. = C>k^„ and Oy-n = ■ 

Notice that we have a natural embedding Oyn c Ou^. In addition, Ou^ C Oyn+i. 
Indeed, u^ = Vjy + 1 = and if for some 1 ^ r < A^, ^ '^r+i^ then 

Uy ^ Vy + l = mr{Vy_^_l -^1)4-1= fU ( U ^ l 
^ + 1 ^ + 1) = 

For any u ^ let vk„ be the canonical A^-valuation associated with Ky. 
Then vk, ■= vk^/p^ does not depend on the choice of u. We have also 1-valuations 
v}^^ := pr^^ vk^ and v}^ = pr^^ vk,- For any c > 0, set 

mK.(c) = {o G Oc(nf I ^K.io) ^ c}. 

For any subring O in C>c(Ar)p7 agree to denote by Omodm}^ (c) the image of O 
in jv)p iiiod m}^ (c). Notice that for any n ^ 0, there is a natural inclusion 
Oyn modm)^ (c) C Oy-n. modm)^ (c). 
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Proposition 4.8. Let cl = c*{u%, K,)/p. Then for all n ^ 0, the p-th power map 
induces a ring epimorphism 

Ou^+i modm]^ (c*) —modm^ (c^). 


Proof. Remind that 

«"+■ = K+',..., u7‘) = K +1,..., +1), 

Let 1 ^ r ^ and let tuj be the r-th local parameter for iL^n+i(r) from n.4.3.4. 
It will be sufficient to prove that its p-th power is congruent modulo m]^ (c^) to 
some r-th local parameter of the her Id K^n[r). By induction we can assume that 
r = N. 

Let E = Ky-n^ E' — C Ky-n+i. Then [E' : E] = p and both these 

“jv 

helds have a standard F-structure. Hr & Ie'/e and r ^ id, then 


„+i 

“iV 


AN) _ AN) 

I ^ n +1 ^ n + 1 

“JV -“jv 




p 


by the dehnition of the parameter c* = c*{n*, K,). This implies that all conjugates 
to over E are congruent modulo {c*/p) = (cj;). Therefore, p-th power 

“jv 

of t^^h is congruent modulo (c*) to the norm Ne’/e ), which is an A^-th 

local parameter in K^n. 

The proposition is proved. 

Corollary 4.9. With the above notation and assumptions there is a field tower 


KyO C Kyi C Kyi C ' ' ' C Kyn C Ky-n+l C ■ ■ ■ 


such that all extensions K^n+i /Kyn satisfy the condition C from n.2.6. 

4.3.6. Modified system of local parameters. 

As earlier, K, G together with the corresponding strictly increasing 

functions my ■ Z>,,o —Z>,,o for 1 < r < A^. 

Dehne U (mi,...,miv-i) C as the set of h == (ui ,... ,un) such that un ^ 
UN-1 ^ mN-i{uN + 1), ... ,^1 ^ mi{u2 + 1). 

Proposition 4.10. For all 1 ^ r ^ N and u ^ Uy, there are Tu^ G Kyir) such 
that 

a) modm]^_(c*); 

b) if u = (ui,..., un) e U (mi,..., mN-i) then rlP,..., rjf'J is a system of local 
parameters in Ky{r). 


Proof. Use induction on r. Then it will be sufRcient to dehne with u ^ u%. 
Set = t^^\ cf. n.4.3.4. 

-jiO ' 


Then use induction on n ^ 1. Take r 


{N) 




G Oyn such that 




?7L_i modmi (ci) 


Clearly, this is an A^-th local parameter in Ky and, therefore, it completes the 
system ..., to a system of local parameters in Ky. 
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4.4. Proof of proposition f.d. 

Notice that there is nothing to prove if = 1 and nse indnction on N by 
assnming that the proposition holds in dimensions < N. 

Therefore, we can nse the resnlt of Corollary 4.9 in dimensions < N. It remains 
to notice that if is F-standard then _^_iKyn is infernal over K^n. So, 
Proposition 4.5. follows from the case b) of the procednre of elimination of wild 
ramihcation from n.2.3. 

5. Family of fields X{Kf), K. e 

5.1. Fontaine’s field Ro{N). 

Recall that objects K G LFo(A^) are realised as snbhelds in C{N)p. They are 
closed snbhelds with indnced F-strnctnre and P-topology. Any K G LFo(A^) has a 
canonical valnation vk of rank N. 

Notice that if K' G LFo(iV) then vk' = (xvk with some a G , d > 0, and 
therefore, all snch valnations belong to the same class of eqnivalent valnations. If 
K G LFo(iV) and vk is the extension of its canonical valnation of rank N to C{N)p 
then 

^C{N)p = {o G C{N)p I vk{o) ^ Oat}. 

Set R{N) = |im((Pc(Ar)p niodp)^ where connecting morphisms are indnced by the 

n 

p-th power map. Then R{N) is an integral domain and its fraction held Rq{N) is a 
perfect held of characteristic p. The F-strnctnre on C{N)p indnces an F-strnctnre 
on RoiN) given by the decreasing seqnence of snbhelds 

RoiN) D Ro{N - 1) D ■ ■ ■ D Roil) D Ro(0). 

In addition, the held Ro(0) consists of the seqnences {a^ }n^ 0 : where a G Fp. 

The map {a^ }n^o ^ « identihes Ro(0) with Fp, in particnlar, any hnite held of 
characteristic p can be embedded natnrally into Ro{N). 

Notice that R = R(l) and FracR = Ro(l) arc original notations introdnced for 
the corresponding 1-dimensional objects by J.-M. Fontaine. 

Let K, G It determines a valnation of rank N on C{N)p given by the 

formnla vk. = hm {vk„/p^)- This determines the valnation vr^k. of rank N on 

Ro{N) snch that if f = ^ then 

VR,K.i^) = P^VK.irn) = hm VK^rn) 

n —^oo n —^oo 

where G Oc(Ar)p is snch that modp = r^. 

Notice that if L, G B°'iN) then vr^l. — Hvr^k. with a G d > 6. Therefore, 
the eqnivalence class of such valuations does not depend on the choice of K,. 

If c > 0, then (as earlier) 

= {o G R{N) I ^ 4 

where = pr^ vr^k.- 

The following proposition is just an easy consequence of the above dehnitions. 
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Proposition 5.1. For any c > 0 such that p G (c), 

a) R{N) = Um((9(r(Af)^ modm}^ (c)), where connecting morphisms are induced by 
the p-th power map; 

b) for any Q, the u-th projection pr^ : R{N) — Oc(]v)p mod (c) induces a 
ring identification of R{N) modm)^ ^ (p“c) and Oc(JV)p modm}^ (c). 

Remark. Oc(Ar)p is equipped with the P-topology given by the inductive limit of 
P-topologies on all K G LFo(A^). This topology induces the P-topology on R{N) 
and Rq{N). 

5.2. The family of fields X{K,). 

Suppose K, G BR{N) with the parameters vP{Kj) = (n®,..., and c* = 
c*{u^, Kf). As earlier in n.4.3.3, choose for all 1 ^ r < the corresponding strictly 

increasing functions mr : and r-th local parameters Tu^ G Ku{r), 

where u ^ u^. 

Set (as earlier, = c*/p) 

^(r) ^ (rMmodm)^_(ci))„^„o G |im(C>c(iv)p modm)^_(ci)) = R{N). 

Let k = k{K,) be the last residue held of Ku% (this is also the residue held for 
all Ku with u ^ n^). As it was mentioned in n.5.1, k can be naturally indentihed 
with a subheld in Ro{0) C Rq{N). 

Proposition 5.3. The correspondences Ti i—> , Tn h-> determine a 

unique continuous embedding of the N-dimensional local field k{{TN))... ((Ti)) into 
Rq{N). Its image is an N-dimensional local subfield fC in Ro{N) with the system 
of local parameters , • • •, . 

Proof. We need the following obvious lemma. 

Lemma 5.4. Suppose L G LFo(At) has a standard F-structure, which is com¬ 
patible with given local parameters ti,...,tN- Let c > 0 and m\[c) = {o G 
^C{N)p I Wi'^l{o) ^ c}. Then any o E Ol can be uniquely presented modulo 
ra}j^{c) in the form 

ai <c 


Remark. The coefficients [cts] are the Teichmuller representatives of the elements of 
the last residue held of L and satisfy the standard restrictions from the beginning 
of n.1.1. 

Continue the proof of proposition 5.3. 

We prove hrst that the power series 

(3) 

a^Oiv 

converges in R{N) if its coefficients satisfy the restrictions described in n.1.1. 
This is equivalent to the fact that for all u ^ u^, the series 


( 4 ) 


a^Oiv 
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converge to elements fu G 
Let 'u"' = {ui,.. 
and 


Oc{N)p snch that fP = f^+i modm]^ (cl). 

u^) with — u. Then for 1 < r ^ A^, it holds u 


rir) = J-)P^ 

‘ U - ' k ” 


modm)^ (c];) 


This means that the above series (4) can be expressed in terms of local parameters 
of the held its coefficients [a^P satisfy the restrictions from n.1.1 and, 

therefore, these series converge in Ou-^ C Oc(Ar)p- 

Then the nniqneness property from lemma 5.4 implies that 


fu+i = fumodm]^{cl) 


and the series (3) converges in R{N). 

Even more. Lemma 5.4 implies that any element from R{N) can be presented in 
at most one way as a snm of the series (3). So, the image /C of /c((Tjv))... ((Ti)) is 
an A^-dimensional local held with the set of local parameters ..., 

The proposition is proved. 

Notice that the above helds /C C Ro{N) are not nniqnely determined by a given 
K, G They depend also on the choice of fnnctions mi,..., ttin-i and the 

choice of compatible systems of local parameters {tu'^}u^u' 1^ 1 ^ r ^ N . Denote 
by X{K/, mi,..., miv_i) the family of all snbhelds /C which can be constrncted for 
a given tower by the nse of given invariants u^{K,) together with an appropriate 
choice of strictly increasing fnnctions mi,..., niN-i- Notice that taking a bigger 
invariant u^{K,) together with the contraction of the domain of dehnition of fnnc¬ 
tions mi,... ,miv-i doesn’t ahect this family. Clearly, for a given tower iC., the 
sets X(iC.; mi,..., miv-i) form an indnctive system. Its indnctive limit will be 
denoted by X{K,). 

5.3. The categories LFii{N) and LFjj(A^). 

Consider the category LFii{N) of all A^-dimensional closed snbhelds /C in Ro{N) 
together with the indnced F-strnctnre given by the snbhelds of r-dimensional con¬ 
stants /C(r) = i?o(’')n/C, 0 ^ r ^ N . If /C, T G LFfl(A^) then HomLF^(iv)(/C, T) con¬ 
sists of compatible with F-strnctnre and P-continnons morphisms / : Ro{N) —> 
RoiN) snch that /(/C) C C. 

Snppose that is a 1-dimensional valnation coinciding with one of (eqnivalent 
valnations) pr^^ vr^k. , where K, G 

For any n^-adic closed snbheld C in Ro{N) denote by P(T) the n^-adic closnre 
of the maximal inseparable extension of C in Rq{N). 

Definition. If /C, £ G LFjj(A^) then /C ~ £ if for 1 ^ r ^ A^, X(r)lZ{X{r — 1)) = 
C(r)7l(C(r — 1)), where the composite is taken in the category of n^-adic closed 
snbhelds of RoiN). 

Clearly, the above dehned relation ~ is an eqnivalence relation. Denote by 
LFRiN) the category snch that its objects are eqnivalence classes cl(/C) of all /C G 
LFr{N) and for any cl(/C),cl(£) G LFr{N), Hom£p^^^^(cl(/C), c 1(£)) consists of 
compatible with P-strnctnre and P-continnons held morphisms / : Ro{N) — 
RoiN) snch that for any 1 ^ r ^ A^, /(/C(r)) C £(r)P(£(r — 1)). 

Remark. The nsnal “1-dimensional” Krasner’s Lemma implies that: 

— if Cl G LF RiN), [Cl : £] = m and C C then there is a unique £j G LFjj(A^) 
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such that C'l ~ £i and C,\ is an extension of CJ of degree m. 

In particular, we can use the concepts of finite algebraic, separable, Galois and 
purely inseparable extensions in LFjj(A^). 

5.4. Identification of elements from X{K,), K, G 

Proposition 5.5. Suppose K, G Then any two elements from X{Kf) 

represent the same object in LFji{N). 

Proof. Let u^{K,) = {ui ,..., u%) and c| = c*{u%, K,)/p. 

Suppose /C G X{K,) is obtained via a choice of strictly increasing functions 
mr : Z>^jO —and a special system of local parameters rj , 1 ^ r < N, 
u ^ u^. 

Take some u ^ and choose u — («.!,..., 'Uat-i, u) E U (mi,..., miv-i)- 
Set Xu = X — 1))... (cr““'“i/C(l)). (Here a is as usually the p-th 

power map.) Then 

is a system of local parameters in Xu which is compatible with a given (standard) 
F-structure of Xu- 

It is easy to see that for 1 ^ r ^ A^, the correspondences h-> rjfij give 

the identification 


f^u ■ OiCu modm]^^^_(p“ci) ~ mod m]^_ (c*). 

If u' = {u'l ,..., Wiv-iJ u) E U (mi,..., mw-i) is such that u'^ ^ Ur for all 1 ^ r ^ 
N, then tju and iju' are compatible via natural inclusions Xu C Xu' and Ou C Ou'- 
Therefore, the w-th projection pr^ : R{N) —> (!Ic(7V)p niodm]^ (c^) induces the 
identification 

f’u : 0^n{K{N-i)) —^ C>(“Vodm}^_(ci) 

where C)G) jg the valuation ring of the composite of all Ku with u running over the 
set of all u — (wi,..., "Uat-i, u^) such that un = u. 

In order to understand the relation between different tju, notice that if u' = 
(•u'l,..., 'u)v-u n. + 1) E U (mi,..., mw-i), then u = (n-'i - 1,..., 'u'jv-i ~ 1; n.) G 
t/(mi,..., mAT-i) (because the functions m^ are strictly increasing) and Xu = 
Xu'. This implies that ipu and iju' fit into a commutative diagram via the natural 
projection 

Ojc^, modm]^ ^_(p“+^ct) —^ mod (p“c^) 

and the restriction of the transition morphism of the projective system 
niod m)^ (c|) from the definition of R{N). Therefore, identifies 

OjcTz()c{N-i)) with modm^ (cj") C R{N). In particular, XIZ{X{N — 1)) 

does not depend on the choice of X in X{K,). 

The proposition is proved. 

5.5. Let K., L. E B^^^iN), X E X{K.) and C = X{L.). Let F and L be the p-adic 
completions of U Km and, resp., U Lm- Notice that if X is purely inseparable 

over C then K = L. Inversely, we have the following property. 
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Proposition 5.6. With the above notation, if K = L then 7^(/C) = TZ{C). 

The proof is straightforward. 

6. Separable extensions in and LFjj (iV). 

6.1. In this subsection we prove that the correspondence K, i—> cl(/C), where 
K, G transforms hnite separable extensions in to hnite separable 

extensions of the same degree in LFfj(A^). 

Proposition 6.1. Suppose L,, K, G B^^{N) and L, D K, is separable and finite of 
degree d{LjKf) = d. Then for any 1C G X{Kfj, there is an C E X{L,) such that C 
is a separable extension of X of degree d. 

Proof. By induction on ^ 0, we can assume that K,{N — 1) = L,{N — 1). 

We can assume also that: 

— c“{u%,K.) = c'{u%,L,) =pc“,; 

— there are strictly increasing functions nir : where 1 ^ r < 

N, such that mr{u^j^i) = and if F G U{mi, ... ,mw-i) then both Lu and Ku 
have a standard F-structure; 

— /C G X(iF.;mi,...,mAr_i); 

— for all u ^ the Herbrand functions of extensions Lu/Ku coincide and are 
equal to ^ljk. ; 

— the initial choice of u% provides us with the inequality prfij^LjK,)) +diN < 
p^^c\l2 (here and everywhere below hi at is the Kronecker symbol). 

As usually, we denote by {i{LjKf),j{LjKf)) the last edge point of the graph of 
Tljk. and use the notation pr;^(f(L./ at.)) — X, Kf)) = ,\)rfie{LjKf)) = 

e^. 

Consider the corresponding sequence of multi-indices ,v'^ . from 

n.4.3.5 and the corresponding held towers 


d-p.fjO ]-j (G d—j (G ... 

K^o C K^i C iCi;i C ■ ■ ■ C Kur^ C c ... 

For any u ^ u%, set n = n{u) = u — u%. So, iW = {uf, ..., u). 

Consider aiu G , where 1 ^i X d and u ^ such that 

— there is Wth local parameter in L^o such that 

+ ■ ■ ■ + = 0 ; 

— for all 1 ^ i ^ d and u ^ u%, aiu = af rnodm]^ (c|) or, equivalently, there 
are ai G Ok. such that pr^(ai) = aiu modm]^ (c*), where pr^ is the projection from 
R{N) = |im((!lc(Ar)p modm}^ (ci))^ to its w-th component. 
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Let Fu{T) = T'^ + aiuT'^ ^ + ■ ■ ■ + where u ^ u%. Then all Fu{T) are A^-th 
Eisenstein polynomials in Ox^n [T] (i.e. their images in Or^(N-i) [T] are Eisenstein 

u'^ 

polynomials, where is the pre-last residne held of Ku^) and F^o^{r]^o^) = 0. 

We want to prove that for C 2 = e^c^/2, there are Wth local parameters rju € Lu-n 
with u > snch that for all u ^ 

Vu+i-Vu e mljp^cl) 

(notice that has been chosen earlier). 

Snppose u ^ u% and we have already constrncted snch elements rjy for all v snch 
that u% ^ V ^ u. 

Lemma 6.2. If 6u+i G Oc(Ar) is a root o/Eu_|_i(T) then there is a unique root 
Ou e Oc{N)p of Fu(T) such that 9^ - e 

Proof of lemma. Clearly, G mj^Jp'^cl). Let ..., 0,1). 

Then by assnmptions from n.6.1 

pri(jK) ^ - Sin > 2/ hiAr ^ 


Therefore, ju > j{Lu/Ku) = j{LjKf) and we can apply Krasner’s lemma, cf. n.3.4. 
This lemma gives the existence of a nniqne root 9u G 0c(a/^)p of ^uiT) snch that 
- 9u) = -t- (0,.. .,0,1) with ^l.ikX^u) = fu- Becanse fu ^ j{Lu/Ky), 


we have 


ju j{Lu/Ku) 

iu ii^Lu/Kyj) 


= e-\L^lK^) 


and this implies 


pri(t„) ^ e^(pri ^ e^(p“ci-hiiv-/) > ^ 


P — p C2 


The lemma is proved. 

Notice that L^n+i = Lu-^K^^n+i = K^n+i (6u) is of degree d over and, there¬ 

fore, Fu{T) is still irredncible over K^n+i. Therefore, there is a 
r G snch that t{6u) = rju- Take rju+i = t{9u+i). Then the nniqneness 

of du in the above lemma implies that the held K.^n+i{r]u^i) contains the held 
Kury.+i{r]u) = Lu^+i. Therefore, these helds are eqnal, becanse they are both of the 
same degree d over K.^n.+i. 

Finally, r]u+i is an Wth local parameter in L^n+i becanse Fu+i is an iV-th 
Eisenstein polynomial in (9^n+i[W] and the existence of the seqnence rju, u ^ 
is proved. 

Let 

h = G |im (Oc(w)p modm^_(c 2 ))^ = R{N) 

U U 

Then ry is a root of Wth Eisenstein polynomial 


F{T) =T‘^ + + ■ ■ ■ + ctd G OiciT]. 


Therefore, C = F{rf} is of degree d over /C, C has standard F-strnctnre and rj is its 
Wth local parameter. Clearly, C G W(L.; mi,..., miv-i). 
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We now prove that C is separable over fC. Indeed, notice first that 

a) any other root of F^o eqnals for a snitable antomorphism r of C(A^)p 

snch that = id for all n ^ 0 ; 

b) with the above notation, for a snfficiently large w, < p^C 2 and, 

therefore, ^ ry^modm];^ (c^). 

Therefore, rry := limrp,, G R{N) is again a root of F{X) which is different from 
rj. Therefore, F{X) has d distinct roots in Ro{N). 

The proposition is proved. 

Corollary 6.3. Under assumptions from the above proposition: 

a) there is a natural identification of the set of all isomorphic embeddings i of L, into 
C{N)p such that l\k, = id and the set of all isomorphic embeddings i : C — Rq{N) 
such that l\ic = id; 

b) Pl./k. = VcjK- 

6.2. With the above notation we are going to prove now that for a snfficiently 
large separable extension E, of K,, the appropriate S G X{E,) contains any given 
separable extension of /C in Ro{N). 

Proposition 6.4. Suppose K, G K, G X{K,) and C is a finite separable 

extension of fC with standard F-structure such that X{N — 1) = C{N — 1). Then 
there is an L, G and a field embedding l : C —^ RoiN) such that 

a) L. is a separable extension of K, of degree d = [C : X]; 

b) 6 (£) G X{L.). 

Proof. We can assnme that: 

— there are parameters vP{Kf) = ■ • •,= pci and strictly 

increasing fnnctions i—> where 1 ^ r < iV, snch that /C G 

— Oc = 0]c[d] where ^ is a root of Wth Eisenstein polynomial F{T) = + 

ctiT'^ 1 _j_ ... _j_ Q,^ ^ C)^[T]; 

— 2 n^(T>(jF)) < — 1 , where D{F) is the discriminant of T over 0)c- 

As earlier consider the seqnence vP = ... ... and set u = n + u*]^. 

For u ^ introdnce the polynomials 

F^{T) + ... + G [T] 

where aiu modm}^ (c^) = pr^„(ain) for 1 ^ i ^ d. Notice that for u ^ 

T>(T„)modm)^_(ci) = pr^„ D(J^) 7 ^ 0 . 

For u ^ -u^, we will prove the existence of roots rju G 0c(;v)p of RuiT) snch that 
if Mu = Kur>.{riu), then 

1 ) rjuO^ is Wth local parameter in 

2) Vu-Vu+i e ml^Jp^cl/2). 
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Suppose such roots ^. ^rju have been already constructed. 

Let pr^ e{Ku^/Ku) = ei„. 

Let 9u+i e Oc{N)p be a root of F„+i(T). Then G (ei„p“c^) and, 

therefore, VR^r, {Fu{0f^+^)) = ju + {0, ..., 0,1) with 

priOu) + Sin > 

Lemma 6.5. ju > j{Mu/Ku^). 

Proof of lemma. From Corollary 3.5 we have 


j{Mu/Kur^) ^ 2vKur<.{D{Fu)) = 2e{Ku^/Ku)vic{D(F)) 

This implies 

pri{j{Mu/Ku^)) ^ 2eiuv]c{D{F)) < eiuip'^°^cl - 1) ^ ei„p“ci - 1 ^ P^iiju) 


The lemma is proved. 

Continue the proof of our proposition. 

The above lemma implies the existence of a unique root 9u of Fu such that 


vMu (C +1 - 0 k) = + ( 0 ,..., 0 , 1 ) 


where ifu) — ju- Similarly to the proof of Lemma 6.2 


ju - j{Mu/Ku^) 

iu 'I'i.FIu/Ku-n-^ 


= e-\MulKur^) 


where e{Mu/Ku^) = (1 ,..., 1, d). Applying Corollary 3.4 we obtain 


iu = {I,... ,l,d)ju- VKur^{D{Fu)) + (0, ..., 0 , d- 1). 


Therefore, 


pri(i„)+di7V pr^ju + SiN -v]^_^{D{Fu)) eiuP^c{-eiuv]c{D{F)) eiuP^cl/2 

be. Vu - vl+i e m\^^{p^c\/2). 

As earlier, the uniqueness of 9u implies the existence of d^+i := Vu+i such that 
9u = and the required sequence {qu \ u ^ u^} is constructed. 

The uniqueness property of 9u = rju implies also that AT^n+i(? 7 „_i_i) = Ar^K+i(? 7 „). 
Consider the tower M = M,,o K . Then 

— M. G and has parameters u*{Kj) and c*{u%,K,)/2] 

— KuO (rj) G mi,..., mjv-i), where q = |im? 7 „ is a root of F{T) in Ro{N). 

The choice of this root q of F(T) determines an embedding of C into Ro{N) which 
induces the identity on /C; 

— by taking L. = we obtain a separable extension of K, with the 

parameters n® and c*('u^, Kj)j2 such that C G X{Lj). 

The proposition is proved. 
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Corollary 6.6. Suppose K, G with parameters u^{K,) = and 

c*{u^, K,). Suppose that /C G X{K,) and C/IC is a finite separable extension in 
Ro{N) with standard F-structure. Then there is an L, G such that 

a) L. is a finite separable extension of K,; 

b) £ gX(L.); 

c) L, has parameters of the form = v^{L,) and L.) = c*{u%, K,)/2^. 

Proof. Apply the construction from the proof of the above proposition to the se¬ 
quence of extensions 

/C C /C£(l) C ■■■ C ICC{N) =C 

and notice that for sufficiently large hrst parameters n* = n*{{L,{i)), where 1 ^ i ^ 
N, the second parameter can be taken in the form c*{n*^L,{i)) — c*('u^, Ar.)/2b 

Corollary 6.7. The correspondence K, i— > cl(Ar) G LFjj(A^), where K, G B^°'{N), 
induces the identification of absolute Galois groups : T^ Fx; (here K is the 

p-adic closure of the Um^oKm)- This identification is compatible with ramification 
filtrations, i.e. for any j G J{N), 

AFr/f = rK 


(where <Fk/Ko = 

6.3. The above results give that if /C G X{K,) with K, G B^°‘{N), then Ro{N) 
contains a separable closure of JC. Because RoiN) is perfect the algebraic closure 
of fC in Rq{N) is algebraically closed. Even more, Ro{N) is n^-complete, therefore, 
RoiN) contains the n^-completion 77(^) of 1C. 

Proposition 6.8. RoiN)=nilC). 

Proof. Suppose K, has parameters n* = n*(iF.) and c* = c*(n*,iF.). Let c** — 
c*(n*, K()/2^. The proposition easily follows from the following Lemma. 

Lemma 6.9. For any a G RiN), there is a finite separable extension C of JC and 
(3 G 07^(£) such that a = /3 mod m^(c**). 

Proof of Lemma. Suppose a = (a.^ modp)^j ^07 where Ou G 0c(A/')p and = 

Ou modp for all u ^ 0. We can assume that uq G Lq? where Lq is a hnite extension 
of Ko such that L. = LoK. G BN{N). 

By the above Corollary 6.6, L, has parameters m* = m*(L.) ^ n* and c**. 
Suppose = {vi,... ,v%) with v% ^ m* is an index parameter from the con¬ 
struction of some C' G W(L.). 

Then Olq C Ol_o and pr^^(C>£/) = Ol^o modm^(c**). 

In particular, there is an a' G Ojt,/ such that pr^^ a' = aomodm]^ (c**), or 
equivalently, 

cr'^^ct = a' modmx(p^^c**). 

Therefore, a = a'modmj[-(c**), and the lemma is proved because G 

C3n(£.): where £ is a separable extension of JC such that cl(£') = cl(£). 
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7. The functors X and . 

7.1. The functor Xk,, K, e 

Let K, G and let {N) be the category of finite separable extensions 

L. of K, in B°‘{N). Morphisms in Bf^ (N) are morphisms / in the category B°'{N) 
snch that /|k. = id. 

Let LFji{N)k, be the category of hnite separable extensions of cl(/C) G LFij(A^), 
where /C G X{K,). In this section we nse resnlts of n.6 abont the correspondence 
iL. I— > cl(/C), where iL. G B^^{N)^ to constrnct an eqnivalence between the categories 
Bl{N) and IXr{N)k.. 

Let L. be a hnite separable extension of K, G B^°'{N) in B{N). Then L, G B°‘{N), 
cf. n.4.2. Choose a hnite Galois extension E, of K, snch that E, G B^^{N) and 
E, D L,, cf. Prop.4.4. If /C G X{K,) then there is a nniqne separable extension S 
of /C in Ro{N) snch that S G X{E,) and [T : /C] = [E, : iC.], cf. n.6. Therefore, 
G = Gal(i7./L.) acts on £ and we can set C = where H d G is snch that 
E^ = L.. 

Proposition 7.1. With the above notation, cl(£) G LFfl(iV) does not depend on 
the choice of JC E X{K,) and E, G B^°'{N). 

The proof is straightforward. 


Snppose T., L' G B’^ (N) and / : L. — L[ is a morphism in B^ (A^). In other 
words, / is a P-continnons and compatible with the corresponding P-strnctnres 
antomorphism of C{N)p snch that f{Lm) = L'^ for m ^ 0 and /|k_ = id. 

Choose P. G B^°'{N) snch that P. D L. and P. is hnite Galois over iF.. Let E[ = 
f{E.), G = Gal(P/iF.), G' = Gal(P7iF.j, H = Gal(P/L.) and H’ = Gal{E'jL[). 

Let 1C E X (iF.) and let £ be its held Galois extension in X (P.) of degree [E, : iF.]. 
Let ffi be an antomorphism of Ro{N) indnced by /. Then fn is P-continnons and 
compatible with P-strnctnres, fR{£) E X{E[) and fR{£)^ = f{£^) E X{L[). 

So, fR E {Xk.{L.),1^k. {£[)). Clearly, if we set /i? = T’k.(/) then 

we get a fnnctor Xr_ from B]^ (N) to LF r{N)k_. 

Snmmarizing the resnlts of n.6 we obtain the following principal resnlt of this 
paper. 


Theorem 2. a) The above defined functor Xr , where iF. G B^°‘{N), is an equiv¬ 
alence of the categories B^ (N) and LFr{N)k,; 

b) Xr_ induces an identification 7k. of groups F^ = Gal(P/iF) and 
F^ = Gal(/Csep/A7), where /C G X{K,) and /Csep is the separable closure of 1C in 


RoiN); 

c) the identification ipK. is compatible with ramification filtrations on F^ and F]c, 

(^ ~ (^J ^ / -x 

i.e. for any j E J{N), 7k. identifies the groups F^ fl Fj^ ^° and Fj^C 


7.2 The functor T : P“(iV) —^ RLF 7 ^(iV). 

Let RLFr{N) be the category of P-closed perfect snbhelds in Ro{N). These snb- 
helds are considered with their natnral P-strnctnre and P-topology. Morphisms are 
P-continnons isomorphisms of snch helds, which are compatible with corresponding 
P-strnctnres. 
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If K, G B°‘{N) choose L. G such that LJK, is a hnite Galois extension. 

If £ G X{L,) then G = Gal(L./K) acts on 1Z{C). Indeed, for any g E G and any 
C G X(L.), the action of g on L. induces a held isomorphism g : C —> where 
C G X{L,) and we have a natural identihcation 71{C) = 71{C'). With the above 
notation set X{K,) = TZ{C)^ G RLFij(A^). 

Proposition 7.2. X{K,) does not depend on a choice of L, G B^°‘{N). 

Proof. Suppose L[ G B^°'{N) is such that L'/K, is a hnite Galois extension with 
the Galois group G'. Ghoose M. G B^°‘{N) such that M. D L., M. D L[ and M. is 
a hnite Galois extension of K, with the Galois group S. 

Let H = Gal(M./L.), H’ = GaX{MjL[). If £ G W(L.), C G X{L[), then 
there are M. G X{M,) and A4' G X{M,) such that M-jC and M.'jC are Galois 
extensions with Galois groups H and H', respectively. Then 7Z(M) = 7Z(M') and 
7Z(£')^' = 7Z(M')^ = 7Z(M)^ = 7Z(£)^. 

The proposition is proved. 

Suppose K.,K; G B^(N) and / G HomBa(jv)(K., K^), i.e. / : C(N)p —^ C(iV)p 
is a P-continuous and compatible with P-structure held automorphism such that 
f{K,) = K[. As earlier, denote by fn the automorphism of Ro{N) which is induced 
by /. 

Ghoose L. G Bf°'{N) such that LJK, is a hnite Galois extension with the group 
G. Then L' = /(P.) is a Galois extension of K' with the same group G. li C E X (L.) 
then fR{C) = C G X{L') and fR{X{K.)) = fR{flZ{C)^) = TZ{C')^ = X{K[). 

So, fa E HomRLFH(w('b’(^.),'b^(^.')) and A : P“(iV) —^ RLFR(iV) is a functor. 
The following property follows directly from the above dehnitions. 

Proposition 7.3. a) X is a strict functor; 

b) ifL„K, E Bf<^{N) and L, is a finite separable extension of K, then 


P(Ak.(P.))=A(L). 


7.3. Let e = modp)n>o ^ -R(l) P R{X): where = 1, 7 ^ 1 and 

^(n+i)P _ ^(n) i'qj. n ^ 0, be Fontaine’s element. Let < £ >= C P(l)* be the 
multiplicative subgroup of all Fontaine’s elements. Notice, if / : C{N)p —C(A^)p 
is a held automorphism then /r(< £ >) =< £ >, where fn is induced by /. 

Lemma 7.4. The correspondence f ^ fn identifies Ant C{N)p and the subgroup 
Aut' Ro{N) of g E Aut Ro{N) such that g{< e >) =< e >. 

Proof. We have noticed already that for any / G AutC(A^)p, /r(< £ >) =< £ >. 
Suppose g E Ant Ro{N) and g{< e >) =< e >, i.e. g{e) — £“ with a E Z*. 
Notice that g : R{N) — R{N) induces the automorphism W{g) : W{R{N)) — 
W{R{N)), where IF is the functor of Witt vectors. Gonsider the Fontaine map 

7 : W{R{N)) OciN), 

given by the correspondence (ro, ri,..., r„, ...)!—>• + ■ ■ ■ + p'^r^'^^ + ..., 

where for any r = (r^n niodp)m>o ^ RiX) and n ^ 0, = lim^^oo’’m+n- This 

map is a surjective morphism of p-adic algebras and its kernel J is a principal 

ideal generated by 1 + + -h [e]^P~^Rp. Therefore, W{g){J) = J and W{g) 
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induces an automorphism f = W{g) mod J of C{N)p. Clearly, /jj = g. The lemma 
is proved. 

Remark. From the above description of the correspondence f ^ fn 'R easily follows 
that / is P-continuous (resp., compatible with F-structure) if and only if fu possess 
the same property. 

7.4. Introduce the following dehnition. 

Definition. A subheld K of C{N)p is an SAPF-held if there is K, G such 

that K is the p-adic closure of Un^oATn- 

Remark. The above dehnied SAPF-helds are higher dimensional analogues of strict 
arithmetic prohnite extensions introduced in [FWl-2]. 

Denote by SAPF(A^) the category of SAPF-helds in C(A^)p, such that if AT, K' G 
SAPF(A^), then HomsAPF(Af) (AT, K') consists of P-continuous and compatible with 
P-structures / G AutC(A^)p such that /(AT) = K'. 

Let k G SAPF(iV). Set X{k) = X{K,), where K. G P“(iV) is such that P is a 
p-adic closure of 

Lemma 7.5. The above defined X{K) does not depend on the choice of AT. G 
P“(7V). 

Proof. The proof follows directly from the construction of the functor X and propo¬ 
sition 5.6. 

The correspondence K i—> X{K) is naturally extended to the functor 
A : SAPF(iV) —^ RLFi,(iV). 

Taking together the above results about the functor X we obtain the following 
theorem. 

Theorem 3. Suppose K, G and K is a p-adic closure o/Un^oATn- Then 

the functor X induces the identification t : F^ —> Fj^ where JC = X{Kf). If 
K, G B^°'{N) and JC G X{K,) then 77(/C) = 1C and under a natural identification 
Fj(c = F^, the identification i is compatible with ramification filtrations, i.e. for any 

j e J(iV), 

rKnr7y''”"’ = rW. 

8. A property of the P-continuity for the functor X. 

8.1. Suppose 1C G LFp(A). 

Let (p) be the Galois group of the maximal abelian p-extension of JC. 

For any M ^ 1, consider the Witt-Artin-Schreier duality 

Vf{p)/p^ X WM{JC)/{a - \X)Wm{JC) VFm(Fp) 

where a is the Frobenius endomorphism of the additive group IFm(A 7) of Witt 
vectors of length M with coefficients in JC. This allows us to provide F^'^(p)/p'^ 
with the P-topological structure. Its basis of open 0-neighborhoods consists of the 
annihilators of the compact subsets of Wm{JC) /{cr ~ id)IFM(A7). By results of n.1.2 
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the basis of such compact subsets consists of the images in bbM(A^)/(c’‘ ~id)bbM(A^) 
of all subsets of the form 

WMiD) = {(ao,..., ttM-i) e Wm{IO) I do, • • • 5 «M-i £ D} 

where D G CbiJC) is the basis of compact subsets in 1C. 

Finally, the P-topology on r^{p) appears as the projective limit topology of the 
projective system of P-topological groups r^{p)/p^. 

8.2. Suppose K G LFo(A^) and K contains a primitive p-^-th root of unity (pM. 
Then the P-topological structure on K* induces the P-topological structure on 
F^(p)/p'^, where T^ip) is the Galois group of the maximal abelian p-extension of 
K. This structure is dehned similarly to the characteristic p case by the use of the 
Kummer duality 


rfip)/p^ X CpM > 

We don’t need this structure in a full generality. Let Fi^(p)/p^ be the quotient 
of F|^(p)/p^ by the annihilator of the subgroup in K* generated by the elements 
of (1 +pOk)*- Then we have the induced pairing 

rffW/p" X (i + ijOkT —< > 

and a basis of open subgroups in F^(p)/p^ consists of the annihilators of the 
subsets 1 + pT>, where D G Cb{K) and Cb{K) is a basis of compact subsets in K 
from n.1.2. 

8.3. Suppose iF. G and for a sufficiently large n, contains a primitive 

p-^-th root of unity. 

Let K be the p-adic closure of Cn^oKn- Then for any M G N, we have a natural 
i dent ihcat ion 

rf = limF^/p^. 

n 

Applying the arguments from n.2.9 we can also write 



n 


Therefore, the basis of P-open neighborhoods in F^(p) /p^ consists of annihilators 
of all compact subsets 1 + pD C (1 +pO^)^, where D G Cb{Kn) for some n ^ 0. 

8.4. Suppose iF. G 1C G W(iF.) and : F^ —> F^; is the identihcation 

of Galois groups (where K is the p-adic closure of the Un^oKn) from Theorem 3. 
Suppose for each M G N, (pM G iF^ if n 3> 0 and consider the groups T^/p^ = 

limF i<' /p^ and T^/p^ with the above P-topological structures. 

n 

Theorem 4. With the above notation, the identification 

.modp^ : Ff/p^ Vt/P^ 


is P-continuous. 
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Proof. 

8.4.1. Consider the dual morphism 

Im : VhM(/C)/(a - id)VhM(/C) K*IK*p". 

Then i,modp^ is P-continuous if and only if Im transforms each P-compact subset 
in WMiK^)/{(^ — id)lTM(A^) onto a P-compact subset in K*/K^ . 

Notice that the map Im can be characterised as follows. 

Choose a primitive p-^-th root of unity (m- Let w G —id)lTM(Ai^) and 

let w G ITm(A^) be a lifting of w. Consider T G 1Tm(P(-N)) such that aT — T = w 
then for any r G P^c, tT — T = & Wm{^p)- Let v G K* /and v G K* 

be a lifting of v. Consider Z G C{N)p such that — v. Then for any r G P^, 
rZjZ = where hr G Wm{^p)- With the above notation, with respect to the 
identihcation P^ = P^: given by the construction of the functor , we have the 
following criterion: 


Lm{w)—V Or = hr \/t E T = Tjc 

8.4.2. As earlier, let P(/C) be the completion of the radical closure of /C (with 
respect to 1st valuation). Denote by IZ^Ojc) its valuation ring. 

Notice hrst that the natural embedding /C C P(/C) induces a natural identihca¬ 
tion of P-topological groups 

WM(P(/C))/(a - id)WM(P(/C)) = WM(/C)/(a - id)W m(/C) 

Let e be Fontaine’s elements. Recall, e — G P = P(l) C R{N) is such 

that = 1, eL) ^ i a^d we can assume that — (m — this is the primitive 
p^-th root of unity chosen in 8.4.1. From the construction of /C G X{Kf) it follows 
that £ G 1Z{Otc)- Consider the map 

pr : j^^WMmOK)) VFM(P(/C))/(a - id)VFM(P(/C)) 

induced by the projection 1 Fm(P(A)) —lFM(P(/C))/(cr — id)lFM(P(/C))- 
Lemma 8.1. pr is surjective. 

Proof. This follows from the formula 

= U n 'r«(OK). 

s^O L J ' 


Remark. It can be easily seen that the family of sets 

{pr (i^j^VFm(ct-^P)) I sGZ^o,PC(P;c,PeC6(/C)| 

is a basis of compact subsets in lFM(A)/(a — id)lFM(/C)- 

Let w G Wm{R') be the element from n.8.4.1. By the above lemma, there is an 
/ G W{TZ{0]c)) such that w = //([£] — 1) modp-^. Therefore, if P G lF(Po(-^)) is 
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such that all — U — f /{\e\ — l) then for any r G rU — U — ar (Fp), where 

ttr modp^ = ttr- 

8.4.3. Let £i = cr“^£, then 

s = ([£] - l)/([£i] - 1) e W\R{1)) C W{R{1)) C WiRiN)) 

where hF^(i?(l)) = Kery : hF(i?(l)) —Ocp is Fontaine’s map. It is known 
[Ab2] that s generates the ideal IF^(i?(l)). Notice that similar arguments show 
that s generates also the kernel W^{R{N)) of the analogue of Fontaine’s map from 
kF(J?(7V))to OciN)p- 

Let Ti = U{[si] - 1). Then Ti e W{R{N)) and aTi - sTi = f. Let X = 
U{[e\ - 1) = sTi e W^{R), then 


and for any r G F;c, 'tX — X = ariXs] — 1). 

8.4.4. Let A{N)cris be an analogue of Fontaine’s Acris constructed by the use 
of R{N) instead of R. This is the divided power envelope of the W{R{N)) with 
respect to the ideal W^{R{N)), which is generated by s. Proceeding as in [Ab2] we 
obtain that if 


(5) 


am . 

-m = / 

P 


where m G Fil^ A{N)cris, then for any r G F^, rm — m = ttr log[£]. 

Multiplying both parts of the equality (5) by p and taking exponentials we obtain 
the equality 


( 6 ) aY = exp{pf) 

where Y G 1 + Fil^ A{N)cris and for any r G F^, rYjY = Proceeding again 

as in [Ab2] we can prove that T G 1 + W^{R{N)) (and therefore can forget about 
the cristalline ring A{N)cris)- 

8.4.5. The equation ( 6 ) implies that 

^My = exp{pa^-^f + ■ ■ ■ + p^ f) 
and, because a is injective on W{R{N)), this gives 

(7) y = exp(pcT-V + ■ ■ ■ + p^a-^f) 

Notice that for any r G F^, r{a~^Y) = {a~^Y)[a~^ . 

Apply Fontaine’s map 7 : W{R{N)) —(Pc(JV) to the both parts of (7). Notice 
that 7 (y) = 1, 7 (cr“^y) = Z el +pOc{N)p, = Cm and 'jia-^f) G Oj^ 

for any s G Z. This gives 

Z”" = exp(-p 7 (cr-‘/). ■ ■ - p"7(ff-*7)) € 1 +pOg 
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and for any r G F^, rZjZ = C,^. 

8.4.6. The above compntations imply (with the notation from n.8.4.1) that if 
w = //([e] — 1) mod(a — id)hFM(7^(/C)) with / G W{lZ{0}c)) then Im{w) — h, 
where 

V = exp(-p7(a-V)- mod . 

It remains to notice that by Proposition 1.2 the correspondence 

/ I—>• exp{—p'y{a~^f) — ■ ■ ■ — p^'y{a~^f)) modiF*^ 

maps all P-compact subsets in fo P-compact subsets in 1 +pO^. 

The theorem is proved. 

Remark. The above computations in nn.8.4.3-8.4.6 can be used to deduce (in the 
similar way as in [Ab2]) the explicit formula for Hilbert symbol for higher dimen¬ 
sional helds from [Vo]. 

9. The Grothendieck Conjecture for higher dimensional local fields. 

9.1. Suppose K,K' are 1-dimensional local helds from the category LF(1) = 
LFo(l) ]J LFp(l). Then any isomorphism / G HomLF(i)(iF, iF') is given by an 
automorphism of C(l)p or C(l)p such that f{K) = K'. Therefore, / induces the 
isomorphism of prohnite groups 


r : Fk' Fk 

such that for any n ^ 0, /*(F^,^) = F^\ 

The inverse statement was proved in [Mo] in the mixed characteristic case and 
in [Ab4] if the characteristic of the residue helds of K and K' is ^ 3. It is known as 
a local (1-dimensional) analogue of the Grothendieck Conjecture and can be stated 
in the following form: 

If L : F;^ is an isomorphism of profinite groups such that for any v ^ 0, 

t(F^,^) = F^\ then there is an f G HomLF(i)(iF, AT') such that l = f*. 

9.2. Suppose N ^ 1 and /C,/C' G LF Suppose / G HomLFfl(Ar) (/C,/C') 
is isomorphism. In other words, / : Ro{N) — Ro{N) is a P-continuous and 
compatible with P-structures held automorphism such that for all 1 ^ i ^ N, 
f{IC{i)R{IC{i — 1)) = 1C'(i)R{IC'{i — 1)). Then f* : Tjc —F;c is an isomorphism 
of prohnite groups such that for any j G J(iV), /*(F^?) = F^^ 

In addition, suppose T is a hnite extension of /C in Ro{N) and f{S) = S'. Then 
S' is a hnite extension of fC' such that f^fFg/) = Fg. Let M G N. Consider the 
induced isomorphism of the maximal abelian quotients modulo p^-th powers 

n, ■■ riVp" rf/p". 

It is dual to the isomorphism of additive groups 

fM : WM{S)/{a - id)VF m(^) WM{S')/{a - id)VFM(^')- 

Clearly, fM is P-continuous and, therefore, maps P-compact subsets to P-compact 
subsets. This implies that is P-continuous for all M G N. 

The inverse statement appears as an analogue of the Grothendieck Conjecture 
for higher dimensional local helds of characteristic p. 

37 



Theorem 5. With the above notation suppose that p ^ 3 and 


: T/C' —^ 

is an isomorphism of profinite groups such that 

a) for any j G J{N), 6(r^?) = r^\- 

b) if S and S' are finite extensions of 1C and, resp., K,' in Ro{N) such that the both 
£ and S' have a standard F-structure, then for all M ^ 1, the induced isomophism 


lm ■ 


M 



is P-continuous. 

Then there is an f G HomLF^(7V) (/C, such that f* = i. 

This statement was proved in [Ab6] in the case N = 2. The case of general N 
can be done along the same lines. 

Remark. Actnally, in the statement of the main theorem in [Abb] there was no 
reqnirement that £ and S' have standard F-strnctnre. Bnt in the proof we applied 
this condition only to fields with standard F-strnctnre. Also, in [Abb] there was a 
reqnirement abont the P-continnity of the indnced gronp isomorphism : r|V — 
bnt again in the proof we applied this property only to the indnced isomorphism 
of the Galois gronps r|V(p) and r|'^(p) of the maximal p-extensions of S' and S. 

9.3. Snppose ^ 1 and K,K' G LFo(A^). Any P-continnons and compatible 
with P-strnctnres field antomorphism / : C{N)p —C(A^)p snch that f{K) = K' 
indnces an isomphism of profinite gronps f* :Vk' —^ Tk snch that /*(r^]) = T^^ 
for any j G J{N). 

Snppose P is a finite extension of K , then E' = f{E) is a, finite extension of 
K'. If both E and E' contain a primitive p'^-th root of nnity then the gronps 
pab/pM are provided with the P-topological strnctnre, cf. n.8.2, and 

the indnced isomorphism 


ab /„M 


fh ■■ ^f'/P 



is P-continnons. 

Consider the inverse statement. 

Theorem 6. With the above notation suppose that p ^ 3 and 6 : T^/ — Tk is 
an isomorphism of profinite groups such that 

a) for alljeJ{N),i{T^^])=T^^'^; 

b) if E, E' are finite extensions of K and, resp., K' such that the both contain (pM, 
then the induced isomorphism 


ab /.^M 


I'M ■ Se'/p 



is P-continuous. 

Then there is a (unique) field isomorphism f : Cp{N) — Cp{N) such that 
f{K) = K' and f = E. 

Remark. Modnlo some technical details and notation this statement has been an- 
nonnced in [Ab5]. 
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Proof. 

9.3.1. Notice first, that l induces for 1 ^ r ^ N, the group isomophisms 

L{r) : All these isomorphisms are also compatible with the 

corresponding ramihcation hltrations. 

In particular, t(l) is a compatible with ramihcation hltration isomorphism of the 
absolute Galois groups of 1-dimensional local helds K{1) and K'{1). Therefore, by 
the 1-dimensional case of a local analogue of the Grothendieck conjecture, cf. n.8.1, 
t(l) is induced by a held isomorphism /(I) : Cp —Cp such that f{l){K{l)) = 
K\l). 

9.3.2. Prove the existence of F,,F' G such that for all n ^ 0, 

a) Fo D F, F' D F'; 

b) ''(bF;,) = Tf^; 

c) Qn e Fn and (n ^ Ff, where (n is a primitive p"^-th root of unity. 

Let Fq = Qp{{TAr}} ... be a basic F-dimensional local held. Then K and 

K' are its hnite extensions with induced F-structures. Gonsider F. G B{N) such 
that for all n ^ 1, F^ = Fo(Cn, ■ • •, Glearly, F. G B°'{N) (even more, 

F. G F-^“(iV)). 

Let F. = FF.. Then F. G B^{N) by Prop.4.1. Introduce L[ = {F(^ | n ^ 0} G 
B{N) such that l'^) = Lf^. Then L[ G B°'{N) because i is compatible with 
ramihcation hltrations. 

Suppose n* = n*{L,) is the parameter for F. introduced in n.4.2. Glearly, n* can 
be taken also as a parameter for L[. Ghoose a hnite extension M{N — 1) of F„* {N — 
1) such that if M = Ln*M{N — 1) then [M,M[N — 1)) G LG(F) is standard, 
cf. Theorem 1. If necessary, we can enlarge M{N — 1) to satisfy the following 
property: if M{N — 1)' is such that i{N — l)(rM(Af-i)') = rM(Ar-i) and M' = 
— 1)' then (M', M{N — 1)') G LG(F) is standard. Therefore, the towers 
M. = ML, and M[ = F(j*M(F —1)' are such that for all n ^ 0, i{V m^) = Lm^ and 
lj),(M;*,M;*(F- 1)) G LG(F) are standard. 

Apply the above procedure to (F—l)-dimensional towers M.(F—1), M[{N—1) G 
B°'{N — 1) with a parameter m* ^ n* and so on. Finally, we obtain hnite separable 
extensions F. and F/ of F. and, resp., F(, which still satisfy the above requirements 
a)-c) but are already objects of the category F-^“(F). 

9.3.3. Let F G F(F.) and F' G F(F'), cf. section 5. By Theorem 2 the group 
isomorphism i induces the identihcation 


^-F. : Lf' 




which is compatible with ramihcation hltrations on these groups. 

Suppose hnite extensions EjF and E'jF' are such that 6 f.(L^') = Pg. If E 
and E' have standard F-structures then E G F(F.) and E' G X{E[), where F., F_' G 
B^^{N) are hnite separable extensions of F. and F_', respectively. Therefore, we can 
apply Theorem 4 to deduce from the condition b) of the statement of our theorem 
that for any M G N, the induced identihcation 

. pab ! M _^ pab / M 

LF.M ■ If'/F —^ /P 


is F-continuous. 
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Therefore, by the charactersitic p case of the Grothendieck Conjecture, cf. The¬ 
orem 5 in n.9.2, the isomorphism Lp, is induced by a held isomorphism fp : 
RoiN) —^ RoiN) such that = n{R'). 

9.3.4. Clearly, /fl|i?o(i) is induced by the /(I) : C{N)p — C{N)p from n.9.3.1. 

Therefore, fp leaves invariant the subgroup of Fontaine’s elements < £ > and by 
Lemma 7.4, fp is induced by a held automorphism / : C{N)p — C{N)p. 

The characteristic property of the held automorphism fp is that it transforms 

the action of any r G Vpi on Rq{N) into the action of /-(r) G T^ on Ro{N). 

Therefore, / satishes the same property and we have 

f(K) = /(C(]V)p) = C(Af)p' = K'. 

So, / G HomLFi^(jV) (-^7 K') and Theorem 6 is proved. 
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